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Abstract. In these introductory notes we give the basics of the theory of
holomorphic foliations and laminations. The emphasis is on the theory of
harmonic currents and unique ergodicity for laminations transversally Lipschitz
in P2 and for generic holomorphic foliations in P2.
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2 JOHN ERIK FORNÆSS, NESSIM SIBONY
1. Introduction
In applications of mathematics to sciences, differential equations play an impor-
tant role. An important such equation is
x′1(t) = F1(x)
· · ·
x′k(t) = Fk(x)
The solutions are integral curves of the vector field
Z(x) =
∑
j
Fj(x)
∂
∂xj
The integral curves are tangent to the common null space of the 1− forms λij =
Fi(x)dxj − Fj(x)dxi. We say that the integral curves are weakly directed by the
λi,j .
To understand the global nature of solutions it is useful to investigate their be-
havior near singular points, which are the common zeros of the Fi, i.e. the fixed
points of the flow. These common zeros are frequently complex. This leads us
to study laminations with singularities by Riemann surfaces in Ck. The Riemann
surfaces are the integral curves in complex time of the complexification of Z. We
consider the case when the Fi are polynomials and working in the complex we can
just as well assume that the Fi(z) are holomorphic polynomials. (These of course
can then be considered as real vector fields on R2k.) Moreover it is helpful in order
to understand the global behavior to consider the extension to Pk. In fact then it is
natural to study general holomorphic foliations by Riemann surfaces with singulari-
ties of Pk which are weakly directed by complex one forms λℓ. Petrovski and Landis
[55], who studied Hilbert’s problem on the number of cycles of a polynomial vector
field in the plane, had the idea to relate the real cycles to algebraic solutions for the
extension of the vector field to C2. Indeed there was a gap in their proof, but their
geometric method raised interesting problems for holomorphic foliations. It also
raises the general question of proving results for real vector fields, analogous to the
complex case, for example such as results described in this survey. Our motivation
is to study global properties of holomorphic foliations with singularities. In partic-
ular we want to introduce objects describing the asymptotic behavior of solutions
of a differential equation in C2, dwdz =
Q(z,w)
P (z,w) , where P and Q are polynomials.
Let us recall the more familiar case of discrete dynamical systems. In order to
study the global dynamical behavior of a continuous map f : X → X on a com-
pact space X, it is useful to introduce invariant probability measures µ, satisfying
f∗µ = µ. They can be obtained following Krylov-Bogoloubov as limit points of
1
N
∑N−1
i=0 δfi(x), where δfi(x) denotes the Dirac mass at the point f
i(x). It is then
of interest to study the ergodic properties of such invariant measures, in particular
to show that the limit of averages along an orbit is independent of the orbit.
We want to construct an analogue for laminations with singularities by Riemann
surfaces and study their ergodic properties. If x(t) : R → Rk parametrizes an in-
tegral curve of Z, we can define a measure µx on the curve by letting the image
x([a, b]) have mass b− a. Then limit points of the measures µ|x(0,N)µ(x(0,N)) are invariant
under the flow. In fact we will discuss in Section 5.8 a natural invariant measure
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which is invariant under a gradient flow along leaves. One can also introduce in-
variant 1− currents which are weak limits of |x′(t)|−1[x(0,N)]µ(x(0,N)) where [x(0, N)] denotes
the current of integration. One might ask whether such limits are closed or not
and whether they have a laminar structure as well as ergodic properties. A dis-
advantage in using time as a parameter is that the vector fields are usually not
complete. We are interested in questions like density of leaves, so we might prefer
other parametrizations. In the complex case we can use universal covering maps of
leaves to get analogous measures and currents. The currents we get will be closed
or harmonic.
There are several surveys on holomorphic foliations and laminations, Brunella
[8], Ghys [37]. Our purpose here is to give an introduction to harmonic currents on
singular foliations as developped by the authors, harmonic currents is the analogue
of invariant measures in discrete dynamics.
For foliations in P2 with only hyperbolic singularities (see section 2.2 for a precise
definition) and without algebraic leaves, we will introduce an averaging process
along leaves and we will show that the limit is unique, i.e. independent of the
leaf, a unique ergodicity property, see [32], [33]. We introduce the basic concepts
and results on foliations and laminations with emphasis on singularities. We also
give proofs of some results in the simplest interesting case. The problem of unique
ergodicity on minimal sets in higher dimension, for foliations by Riemann surfaces
is open.
2. Basic results
2.1. Definitions and examples in dimension 2.
Definition 1. Let Y be a Hausdorff topological space. Then (Y,L) is a lamination
by Riemann surfaces if L is an atlas with charts
φ : U → B × TU
where B is the unit disc in C, TU is a topological space and φ is a homeomorphism.
The change of coordinates are of the form
(z, t)→ (z′, t′), with z′ = h(z, t), t′ = t′(t)
where h is continuous and holomorphic with respect to z.
Observe that this implies in particular that the functions ∂
αh
∂zα are continuous
with respect to both variables.
Most of the time we will consider the following situation. The set Y is laminated
and locally closed in a compact complex manifold M. Let X := Y and E := X \ Y.
Therefore E is closed and will be considered as a singularity set. Then X \ E has
the structure of a lamination by Riemann surfaces and we will consider (X,L, E)
as a lamination with singularities.
Let φ = (h, t) be a chart defined on U ⊂ Y. Then U is said to be a flow box.
A connected component (t = c) in U is called a plaque. A leaf L is a minimal
connected subset of X \ E such that if L intersects a plaque then L contains the
plaque. A transversal in a flow box is a closed set which intersects every plaque in
one point.
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If L is a leaf in (X,L, E), then L has also the structure of a lamination with
singularities. Indeed if q ∈ L \ E, the leaf through q is also in L, this follows from
the local structure in a flow box.
The definition can be extended to get the notion of a lamination of class Ck. In
that case T is not an arbitrary topological space but a closed set in a Euclidean
space and the functions h, t′ are assumed to be of class Ck.
We first give some examples and definitions in complex dimension 2.
Example 1. Let α = P (z, w)dw − Q(z, w)dz be a holomorphic 1− form in C2,
with P,Q relatively prime polynomials. Denote by Fα the foliation tangent at each
point to the kernel of α. Equivalently the foliation is tangent to the vector field
Zα = P
∂
∂z + Q
∂
∂w in C
2 \ {P = Q = 0} i.e. C2 with a finite number of points
deleted. At a point p where P and Q do not vanish simultaneously the ”plaque”
through p is given by ζ → (z(ζ), w(ζ)) with (z, w) holomorphic functions defined
on a disc D(0, r) and satisfying the differential equation
P (z(ζ), w(ζ))w′(ζ) −Q(z(ζ), w(ζ))z′(ζ) = 0
ζ ∈ D(0, r). Since in any chart Fα = Ffα where f is a holomorphic nonvanishing
function, it is possible to extend the foliation to P2. However if we express α in
another chart as a form with polynomial coefficients, max(deg(P ), deg(Q)) is not
invariant.
The degree of F is defined to be the number of tangencies of F with a generic
line in P2. When F is of degree d, then in an affine chart, the vector field Z is of
the form
Z = [P (z, w) + zR(z, w)]
∂
∂z
+ [Q(z, w) + wR(z, w)]
∂
∂w
with P,Q polynomials of degree ≤ d and R is a homogeneous polynomial of degree
d, such that if R is identically zero, then max(deg(P ), deg(Q)) = d and P,Q are not
of the form P = zH,Q = wH. It can be shown that a holomorphic foliation on a
complex surface, is given locally by the integral curves of holomorphic vector field,
with isolated singularities. Locally, the vector field is unique up to multiplication
by a non vanishing holomorphic function.
We describe the isolated singularities in dimension 2. A theorem of Seidenberg
[58] states that any isolated singularity for a germ of a holomorphic foliation in
dimension 2, can be transformed after finitely many blow ups to a reduced singu-
larity as described in the following definition. Assume the singular point is 0, and
that the spectrum of the (2, 2) matrix DZα(0) is given by the two complex numbers
(λ1, λ2).
Definition 2. The germ α is reduced if one of the following holds:
a) λ1λ2 6= 0 and λ := λ1/λ2 /∈ N ∪ 1/N,
b) λ1 6= 0, λ2 = 0, in which case, the singularity is called a saddle node.
The germ is in the Poincare´ domain if λ /∈ R− ∪ {0}, i.e. the segment in C con-
necting λ1, λ2 does not pass through the origin. When λ ∈ R− \ {0} the singularity
is in the Siegel domain. If λ ∈ Q−, then we have resonances, as defined in full
generality in the next paragraph.
When the singularity is reduced and λ /∈ R− ∪ {0}, then a theorem of Poincare´
asserts that there is a holomorphic coordinate system where α can be read as α =
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zdw − λwdz. The solutions of α = 0 can be given explicitly by
z(ζ) = eζ , w(ζ) = ceλζ , c 6= 0, (z = 0), (w = 0).
Recall that a separatrix at a singularity p, is a leaf L in a neighborhhood V of p,
such that L ∪ {p} is an irreducible holomorphic curve.Observe that L ∪ {p} could
be singular.
Theorem 1. (Camacho-Sad) [14] Every germ of holomorphic vector field in (C2, 0)
with isolated singularity at 0 admits a separatrix.
The result is false for holomorphic vector fields in (C3, 0), see [39].
In the above example, the solution curves z = 0, w = 0 are the only separatrices
if λ /∈ Q. When λ /∈ R, i.e. ℑ(λ) 6= 0, the singularity is said to be hyperbolic. It is
easy to check that the solutions near the singularity cluster along the separatrices.
When λ ∈ R−, to have linearization it is in general necessary to assume that λ is
poorly approximable by rationals (Siegel-Brjuno condition) [1]. When λ ∈ Q−, the
singularity is either linearizable or is of flower type, [9].
Example 2. A very special case, with a non hyperbolic singularity is given by the
form α = zdw−λwdz, λ ∈ R\Q. Then X(c) = {|w| = c|z|λ}, c > 0 is an example of
a lamination with singularities. When we take the closure of X(c) in P2 it’s smooth
except at two of the points [1 : 0 : 0], [0 : 0 : 1] and [0 : 1 : 0]. Observe that since λ
is irrational every leaf is dense in X(c). An X(c) does not pass through all singular
points, but any two will intersect at singular points.
Example 3. If λ1λ2 6= 0 and λ1 = nλ2, n ∈ Z+, i.e. the resonant case, the foliation
is conjugate to the one given by the 1− form
nzdw − wdz or (nz + wn)dw − wdz.
When λ = 0 (saddle node), according to Dulac, see[1], the vector field can be
expressed as
[z(1 + αwk) + wF (z, w)]
∂
∂z
+ wk+1
∂
∂w
, k ∈ N+, α ∈ C
and F is a holomorphic function vanishing to order k. There is only one separatrix,
(w = 0).
In the following example we describe the case where the foliation admits a mero-
morphic first integral.
Example 4. Let f be a meromorphic function on an algebraic manifold M . Then
{f = c} are the leaves of a holomorphic foliation. For example, if M = P2, then
f = P/Q with P,Q homogeneous polynomials without common factor. The leaves
Lc = {P = cQ} are closed. The singularities contain the discrete set defined by
{P = Q = 0}. The form defining the foliation is QdP − PdQ so there might
be other singular points. The closure of each leaf intersects the singular set of F
and every leaf is a separatrix. Take any leaf L, i.e. an irreducible component of
some {P = cQ}. Then Q = 0 must intersect the algebraic leaf L. The points of
intersection must also be a zeroes for P since P = cQ. This gives an example of
a dicritical singularity, i.e a singularity with infinitely many separatrices. In C2,
it can be shown [20] that if α is a germ of holomorphic 1-form and f is a germ of
holomorhic function near 0, such that d(α/f) = 0 then α has a multivalued first
integral. More precisely, if f = fn11 · · · fnpp is the decomposition of f into irreducible
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factors then F = exp
(
β
f
n1−1
1 ···f
np−1
p
)
fλ11 · · · fλpp is a first integral. Here the λi are
complex numbers and β is a germ of a holomorphic function near 0,
The notion of dicritical singularity is quite central. Given a germ of a holomorphic
vector field Z, with isolated singularity at (Ck, 0), we say that 0 is dicritical if there
are infinitely many separatrices through it. The fact that all leaves are closed in a
deleted neighborhood of the origin (C2, 0) and that the origin is dicritical does not
imply the existence of a meromorphic first integral. An example of that situation
was given by M. Suzuki. Consider the level sets of the function f(z,w)=xexp(y/x).
This function is a first integral, in the complement of the y-axis for the system
xdy+(x-y)dx=0. It is easy to check that leaves are closed and that the origin
is dicritical. But as shown in [61] there is no meromorphic first integral in any
neighborhood of the origin.
Another interesting observation is given by the following example.The point
0 is dicritical for Z = z ∂∂z + pw
∂
∂w , p ∈ N, in C2. Indeed the separatrices are
(etz0, e
ptw0), t ∈ C∗. Observe that for every p ∈ N, Z defines a linear foliation and
the separatrices are of algebraic degree p, which is arbitrarily large. When there is
a meromorphic first integral as in the Example 4 all leaves are separatrices. The
converse is not true [20]. When the first integral is holomorphic, there are only
finitely many separatrices and the other leaves are closed.
It can be shown [20] p.29, that if α is a germ of holomorphic 1-form in (C2, 0)
vanishing exactly to order m at 0, then if α admits m+2 formal separatrices, then
α admits uncountably many separatrices. So, in the nondicritical case the number
of separatrices is bounded by the order of vanishing at the singularity.
Example 5. Ricatti’s equation [41], [11]. Consider the equation
w′ = a(z)w2 + b(z)w + c(z)
where a, b, c are rational functions on C. The form
ω0 = dw − (a(z)w2 + b(z)w + c(z))dz
can be extended as a meromorphic form on C×P1. Let P be the finite set of poles in
C. It is easy to check that out of P the form ω0 is transverse to the fibers {z0}×P1.
It follows from a result of Ereshman that the solutions are coverings of C \ P . In
particular if P = ∅, then the leaves are graphs of meromorphic functions on C.
When #P ≥ 2, the leaves are uniformized by the unit disc. Following solutions
around a pole of the coefficients induces a map on the space of solutions and hence
on P1, it gives clearly a fractional linear transformation:
(z0, w0)→ w0A(z0) +B(z0)
w0C(z0) +D(z0)
.
We get in this way a group of fractional linear transformations on P1. The orbit
of a point is the intersection of the leaf through that point with the vertical P1,
it is also the orbit of the point under the group of linear transformations. Hence
the dynamics of the foliation can be deduced from the dynamics of the group.
The Ricatti equation has remarkable extremal properties, see[41] p136. One such
propery is: if the differential equation in C2, dwdz =
Q(z,w)
P (z,w) , is not a Ricatti equation
and has a meromorphic solution, then the solution is a rational function.
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Example 6. Suspension: The simplest examples of laminations are obtained by
the process of suspension, that we describe in our context [11]. Let S be a compact
Riemann surface of genus g ≥ 2. Consider a homomorphism h : Π1(S)→ Aut(P1).
If S˜ denotes the universal covering of S (the unit disc in our case), then h induces
an action h˜ on S˜ × P1. More precisely
h˜ : Π1(S) → Aut(S˜ × P1)
h˜[α](b˜, z) = ([α] · b˜, h[α] · z)
The action of h˜ on S˜×P1 is free and properly discontinuous. We can then consider
the manifold M = Mh = S˜ × P1/h˜ which is the quotient by the above action.
There is a natural projection π : M → S and the trivial foliation on S˜ × P1, with
leaves S˜ × {z} induces a foliation Fh on M, whose leaves are coverings of S, hence
hyperbolic Riemann surfaces. So to any representation h of Π1(S) into PSL(2,C)
corresponds a foliation. It was observed by E. Ghys [37] that Mh is a projective
surface and that if Λ is the limit set of the group h(Π1(S)), the corresponding
invariant set in Fh can be embedded as a laminated set in P3.
This situation has been studied by C. Bonatti and X. Gomez-Mont [6]. They
have shown that either the group h(Π1(S)) has an invariant probability measure
or the foliation Fh is uniquely ergodic and this is the generic case. They construct
a probability measure on Mh by an appropriate averaging process on the leaves
and unique ergodicity means that the averaging process applied to an arbitrary leaf
gives always the same limit. In these examples however the laminations considered
are without singularities. The foliations are transverse to a fibration with fibre P1
or P2. See also the recent work by M.Martinez [50].
Example 7. We give a classical example of a Riemann surface lamination of P3
without singularities, (Atiyah [2]). Let H denote the field of quaternions. Recall
that every quaternion x has a unique expression x = z1 + jz2, z1 = x1 + ix2, z2 =
x3 + ix4 where the zj are complex numbers. Consider the map π : P
3(C)→ P1(H)
given by [z1 : z2 : z3 : z4] → [z1 + z2j : z3 + z4j]. It is a fibration and each fibre
is a complex line in P3(C). Indeed P1(H) is not a complex manifold, otherwise it
would be a one point compactification of C2. This gives an example of a lamination
without singularities in P3. This lamination is however not a holomorphic foliation.
Clearly one cannot have such an example in P2 because of the Be´zout Theorem. It
is not possible to have a lamination (P2,L) without singularities. Suppose L is such
a laminaton, then we can write the tangent bundle TP2 = T1⊕T2 where T1 and T2
are two line bundles, T1 is tangent along the leaves and T2 is normal. On the other
hand the topological classification of line bundles is the same as the classification
for holomorphic ones on P2. Hence TP2 = O(p)⊕O(q), p, q ∈ Z. Since the quotient
of a bundle is more positive than the original one we get that p ≥ 1, q ≥ 1. The
space of sections of TP2 corresponds to holomorphic vector fields, it is of dimension
8. The dimension of the space of sections of O(p)⊕O(q) is 6, when p = q = 1, and
larger than 8 otherwise.
Let X be a compact laminated set in Pk laminated by Riemann surfaces. We
assume that X contains no germs of higher dimensional complex manifolds. We
say that X is real analytic if X locally is the zero set of a real analytic function
P (z1, . . . , zk) Setting wj = zj we can complexify P as a function R(z1, . . . , zk, w1, · · · , wk)
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where R is a holomorphic function. Assume that this can be done globally. More
precisely, we assume that for eachCk coordinate chart, we can choose P and R as en-
tire functions. If we fix a germ L of a leaf of the lamination and choose w0 in L, then
by a Segre argumentR(z1, w
0
1 , ..., w
0
k) vanishes identically on L. In fact in local coor-
dinates the leaf is given by z2 = z3 = · · · = zk = 0 so P = z2r2+z2s2+· · · zkrk+zksk
and hence we see that R(z1, · · · 0) vanishes identically. Also the zero set is a global
analytic set in Ck. In fact it can be shown [26] that the leaf is locally the finite
intersection of such analytic sets. In particular it follows that each leaf is closed
when the lamination is restricted to Ck.
Example 8. (Ohsawa [54], Nemirovski [53]) Let s : T → P1 be a meromorphic func-
tion on a torus T with simple zeros and poles, {aj , bj}. We set Σ = {(z, rs(z)), z ∈
T \ {aj , bj}, r ∈ R∗} ⊂ T × C∗. Then the closure Σ contains the complex curves
{aj}×C∗, {bj}×C∗. Let ρ > 1 and let T2 be the quotient obtained from C∗ by iden-
tifying w, ρnw. The quotient S of Σ in T ×T2 under this identification is a Levi flat
hypersurface and the fibers over {aj, bj} are copies of T2. It seems difficult to find
similar examples in higher dimension due to the fact that meromorphic functions
have indeterminacy points.
Another example of a real analytic Levi flat hypersurface in a product of two tori
was given by Grauert. Let T1 be the quotient of C(z) by the Lattice L1 generated
by {1, i} and let T2 be the quotient of C(w) by the lattice L2 generated by {1,
√
2i}.
Then the set S = {Re(z − w) = 0} is a Levi flat hypersurface with dense leaves all
biholomorphic to C.
Example 9. Let N be a compact homogeneous surface. Suppose K ⊂ N is a
nowhere dense compact set, laminated by Riemann surfaces. Let Φ : M → N be a
holomorphic map of maximal rank 2 from a compact surface M into N. Then after
a small sliding, Φ−1(K) is a laminated compact set in M. To see this, let X be the
image of the critical set of Φ. We can assume that none of the irreducible branches
of X is a leaf of K. We can also assume that K does not intersect the singular set
of X. Suppose that X is tangent to some leaves. Let k ≥ 2 be the maximal order of
tangency. There can be at most finitely many tangencies of order k ofX with leaves.
Next we locally extend the lamination to a lamination of an open set. Notice that
small slidings of X can only have one tangency of order k with a leaf in these local
flow boxes. Since K is nowhere dense we can arrange that all tangencies are with
added leaves. Then we have no tangencies between leaves of K and X of order k.
Repeating the process we can finally assume that there are no tangencies between
leaves of K and X. Then Φ−1(K) is a nonsingular lamination. If K is a smooth
Levi flat hypersurface, then Φ−1(K) is a also a smooth Leviflat hypersurface.
Example 10. A holomorphic foliation on a complex surface S2 is given in local
coordinates by a form α = Pdz +Qdw where P,Q are holomorphic functions with
isolated common zeroes. If Φ :M2 → S2 is a holomorphic map of maximal rank 2,
then Φ∗(α) = Fdu+Gdv defines a holomorphic foliation with isolated singularities
which becomes evident after dividing out common factors of F,G. This permits to
construct singular foliations on some tori.
2.2. Singularities for foliations of dim 1 in Pk.
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Example 11. The Lorenz vector field in R3 is an example of a quadratic polynomial
vector field with a complicated orbit structure.
Z = σ(y − x) ∂
∂x
+ (rx − y − xz) ∂
∂y
+ (xy − bz) ∂
∂z
.
The Lorenz attractor is given by the parameter choices σ = 10, b = 8/3, r = 28.
For a proof that this is a strange attractor as indicated by computer pictures, see
Warwick [63]. The complexification is given on P3([t : x : y : z]) as
X = σt(y − x) ∂
∂x
+ (rxt − yt− xz) ∂
∂y
+ (xy − bzt) ∂
∂z
.
This has three singular points in the chart t = 1 which are all real and equal to
P = [1 : 0 : 0 : 0] and C± = [1 : ±√b(r − 1) : ±√b(r − 1) : r − 1]. The singularity
at P is a hyperbolic saddle with a two dimensional stable manifold containing the
z axis and an unstable curve. The singularity at C± have an expansive pair of
complex eigenvalues and a stable eigenvector. At infinity, t = 0, the singularity set
contains two pieces, the curve t = x = 0 and the point [0 : 1 : 0 : 0]. The eigenvalues
at the latter are 0,±i.
Example 12. Let H(z1, . . . , zk, w1, . . . , wk) be a holomorphic polynomial in C
2k.
Then there is associated to H a holomorphic Hamiltonian vector field:
Z = −
∑
j
∂H
∂wj
∂
∂zj
+
∑
j
∂H
∂zj
∂
∂wj
.
This gives a Riemann surface lamination of P2k. Each leaf is contained in a level
set of H . More generally one can define a multivalued Hamiltonian of the form
H = ΠjH
αj
j for polynomials Hj and complex numbers αj . In C
2 this has the zero
sets of the Hj as algebraic integral curves.
We discuss some basic properties of holomorphic foliations by Riemann surfaces
in Pk. Suppose F is a holomorphic foliation of dimension one in Pk, i.e. locally
the leaves of F are tangent to a holomorphic vector field. More precisely there
is a covering (Ui) of P
k with holomorphic vector fields Xi on Ui satisfying the
compatibility condition Xi = fijXj on Ui ∩ Uj with fij nonvanishing holomorphic
functions. Let π : Ck+1 \ {0} → Pk denote the canonical projection. It can be
shown that π∗F can be defined by a holomorphic vector field on Ck+1
Z =
k∑
i=0
Fi(z)
∂
∂zi
where the Fi are homogeneous polynomials of degree d ≥ 1. We call d the degree of
the foliation. This is the analogue of Chow’s theorem that any analytic set in Pk is
algebraic. In the chart (z0 = 1) the vector field is given by
Z0 =
k∑
i=1
(Fi(1, z)− ziF0(1, z)) ∂
∂zi
.
Conversely the projections by π of the trajectories of such a vector field gives a
holomorphic foliation of Pk. Indeed if z(ζ) = (z0(ζ), . . . , zk(ζ)) satisfies z
′
i(ζ) =
Fi(z(ζ)), 0 ≤ i ≤ k, then Z(η) := cz(ηcd−1), c ∈ C, is also an integral curve which
induces the same trajectory in Pk. We can always assume that the F ′js have no
common factor. The space of such foliations of degree d is denoted by Fd(Pk), it
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is clearly a Zariski open set in some projective space. The space of polynomials of
degree d in k variables is of dimension (d+k)!k!d! . Using the representation of
Z0 =
k∑
i=1
(Fi(1, z)− ziF0(1, z)) ∂
∂zi
,
we can compute the dimension N of the space of holomorphic foliations of degree
d. We have N = (d + k + 1) (d+k−1)!(k−1)!d! − 1 [8]. It contains the subspace of foliations
obtained by pull-back of a foliation of degree 1 by a holomorphic endomorphism of
algebraic degree ℓ. The pullback of a form of degree 1, by an algebraic endomor-
phism of degree ℓ, is generically of degree 2ℓ− 1. The dynamics of such foliations is
easy to describe..
A point p ∈ Pk is a singularity for F if F (p) is colinear with p, i.e. if p is a
pole or a fixed point of f = [F0 : · · · : Fk] as a meromorphic map in Pk. If f is non
holomorphic, then the indeterminacy set is analytic of codimension ≥ 2, it can be of
positive dimension when k ≥ 3. Assume that f is holomorphic. To count the fixed
points it is enough to apply the Be´zout theorem to the equations Fj(z)− td−1zj = 0
in Pk+1 with homogeneous coordinates [z : t] and observe that [0 : · · · : 0 : 1] is
a solution. The number of fixed points counted with multiplicity is d
k+1−1
d−1 so the
singularity set, Sing(F), of any holomorphic foliation is non empty. It is also clear
that for an open Zariski dense set U in Fd(Pk), Sing(F) is discrete. The eigenvalues
at a singularity are given by the eigenvalues of f-Id, at the corresponding fixed point.
We are going to recall some results on the local classification of singular points. Let
X be a germ of a holomorphic vector field near 0 ∈ Ck, with an isolated singularity
at 0. The matrix DX(0), i.e. the linear part at 0, has eigenvalues λ1, . . . , λk.
Definition 3. The singularity is in the Poincare´ domain if the convex hull in C of
{λ1, . . . , λk} does not contain the origin, it is in the Siegel domain otherwise.
Definition 4. The singularity of X at 0 is hyperbolic if for all i, j the λi 6= 0 and
the λiλj are non real.
Clearly in dimension 2 a hyperbolic singularity is always in the Poincare´ domain.
The following result is due to Chaperon [21].
Theorem 2. (Chaperon)Let X be a germ of a holomorphic vector field in (Ck, 0).
If 0 is a hyperbolic singularity, then X is topologically linearizable.
This means that there is a homeomorphism Φ : (Ck, 0) → (Ck, 0) sending the
foliation defined by X to the foliation defined by the vector field X0 =
∑
i λizi
∂
∂zi
where the λi are the eigenvalues of DX(0).
If we write the formal conjugation of a holomorphic vector field near a singularity,
to its linear part, one has to divide by the quantities (λ,m)−λj , m = (m1, . . . ,mk) ∈
(Z+ ∪ {0})k, |m| = ∑mj ≥ 2. Here (λ,m) denotes the inner product ∑λjmj . To
prove convergence one assumes that these quantities are non zero and not too close
to zero.
We define the resonances of λ ∈ Ck as:
R = {(m, j);m = (m1, . . . ,mk),mj ≥ 0, |m| ≥ 2, (λ,m)− λj = 0}.
The set {(λ,m)− λj ; |m| ≥ 2} has zero as a limit point if and only if λ belongs
to the Siegel domain.
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An example of a normal form, when R is nonempty is given above in Example
3.
We recall two results from the local theory near a singular point in any dimension.
Theorem 3. (Poincare´) [1] A germ of a singular holomorphic vector field in (Ck, 0)
with a non resonant linear part (i.e. R is empty) such that λ is in the Poincare´
domain is holomorphically equivalent to it’s linear part.
To get linearization for λ in the Siegel domain it suffices to assume the so called
Brjuno condition: condition (B) [1],[7]. Define for n ∈ N
Ω(n) = inf
1≤j≤k
{|(λ,m)− λj |,m = (m1, . . . ,mk), |m| ≤ 2n+1}.
Condition (B) is satisfied when
∑
n≥1
log(1/Ω(n))
2n
<∞.
Implicitly we are assuming that there are no resonances. In dimension 2, if
λ ∈ R−, the Brjuno condition is ∑n≥1 log qn+1qn < ∞ where {pn/qn} is the nth
approximant of −λ.
Theorem 4. (Brjuno) [1][7]A germ of a singular holomorphic vector field in (Ck, 0)
with non resonant linear part and which satisfies the Brjuno condition is holomor-
phically linearizable.
2.3. The space of holomorphic foliations on Pk. Let Fd(Pk) denote the space
of holomorphic foliations of degree d by Riemann surfaces in Pk. We parametrize
this space by M(Pk) = [F0 : · · · : Fk] where the Fj are homogeneous holomorphic
polynomials of degree d, with no common factor and hence with indeterminacy set
of codimension ≥ 2. The space F0d of foliations with discrete singularity set is an
open Zariski dense set and is parametrized by meromorphic self maps with discrete
indeterminacy set and with a discrete set of fixed points.
In dimension 2, the number of tangencies of a generic line with the foliation of
degree d is d. In higher dimension the tangencies of a foliation of degree d with a
generic hyperplane is an algebraic hypersurface of degree d in the hyperplane.
Let Hyd(Pk) denote the space of foliations of degree d such that all singular points
are hyperbolic.
Proposition 1. The set Hyd(Pk) contains an open real Zariski dense set in Fd(Pk).
We leave the details to the reader.
The Poincare´ problem is to bound the degree of invariant algebraic curves of a
foliation of degree d.
Carnicer [19] has proved the following:
Theorem 5. Let F ∈ Fd(P2) and let A be an algebraic curve invariant by F . If
there are no dicritical singularities on A, then deg(A) ≤ d + 2. The estimate is
sharp.
The case of invariant curves in Fd(Pk) is studied by Lins-Neto, [46]. He has
shown that even under a natural restriction, ”fixed local analytic type”, it is not
possible to bound the degree of algebraic solutions, see [46] for a precise statement.
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The following theorem of E. Ghys [38], which improves a theorem by J. P.
Jouanolou [44], gives a general result on closed leaves.
Theorem 6. (Ghys) Let F be a codimension 1 holomorphic foliation (possibly
singular) on a compact complex manifold. Then F has only a finite number of
closed leaves except when F admits a meromorphic first integral, in which case all
leaves are closed.
Here we just prove a weaker elementary estimate on the total degree of invariant
curves, in a generic case.
Proposition 2. Let (Ai) denote the algebraic curves invariant under F ∈ Hyd(P2).
Then
∑
i deg(Ai) ≤ 2(d+ 2).
Proof. Let A = (h = 0) = ∪i∈IAi (or any finite union if there are infinitely many).
Since the singularities are hyperbolic, if p ∈ Sing(F)∩A, then A is a separatrix and
if we consider A as a branched covering in generic coordinates, the local degree of
the covering near a singularity is at most 2. Moreover at all non singular vertical
points, A is tangent to second order to its tangent line. So we can choose a C2
chart containing all the singular points and consider that A is a branched covering
over the z− axis. We can assume that A is transverse to the line at infinity L∞
and that it omits the points [0 : 1 : 0], [1 : 0 : 0]. So near L∞, A = ∪j{w =
αjz+o(z)} for distinct αj . The foliation is associated in that chart to a polynomial
vector field P ∂∂z + Q
∂
∂w . with deg(P ) ≤ d + 1. and deg(Q) ≤ d + 1. We count the
number of vertical points on A \ Sing(F) in two ways. Let h = 0 be an equation
of A. The vertical points are given by the equations P = 0, h = 0. If h is of
degree N =
∑
i∈I deg(Ai), we get at most N(d + 1) nonsingular vertical points,
besides the singular points. So finally the number of such points is bounded by
N(d+ 1) + 2(d2 + d+ 1). The other way is to count the number of common zeroes
of h and ∂h∂w which gives N(N − 1). By the Be´zout Theorem there are at most
(d + 1)2 common zeroes of P,Q, i.e. singular points. Each singular point can
contribute at most 2 common zeroes of h and ∂h∂w counted with multiplicity.Because
of hyperbolicity, the multiplicity of the zeroes at the singular points is bounded by
2. Hence the number of non singular vertical points is at least N(N −1)−2(d+1)2.
Hence N(N − 1)− 2(d+ 1)2 ≤ N(d+ 1). So N ≤ 2(d+ 2).

Remark 1. The argument works as long as we assume that there are only less
than n(d) separatrices at every singular point and that their local multiplicity as
branched covers are bounded by somem(d) in which case we find
∑
deg(Ai) ≤ c(d).
Jouanolou proved the important fact that not all foliations of P2 have algebraic
leaves.
Theorem 7. (Jouanolou [45], Lins-Neto, Soares, [48]). There is a real Zariski
dense open set H(d) ⊂ Fd(Pk) such that for every F ∈ H(d),
i) all the singularities of F are hyperbolic,
ii) F has no invariant algebraic curve.
Proof. (Sketch) We consider Hyd(P2), the space of foliations of degree d with only
hyperbolic singularities. According to Proposition 2 an algebraic leaf is necessarily
of degree ≤ c(d). Let Aℓ denote the compact space of (possibly reducible) curves of
degree ℓ ≤ c(d). We consider
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Γℓ = {(F , L) ∈ Hyd(P2)×Aℓ, each component of L is a leaf of F}.
The set Γℓ is analytic, hence the projection is analytic in Hyd(P2). So it is enough
to exhibit an example of a foliation in Hyd(P2), without an algebraic solution. The
following basic example is due to Jouanolou [45], it was extended to Pk by Lins-Neto
Soares [48]. It is defined as the foliation associated to the form:
ω0 = (z
d−1t− wd)dz + (wd−1z − td)dw + (td−1w − zd)dt.
We don’t have to check that the above example has hyperbolic singularities
since if the projection is not surjective, the complement of the image intersects
Hyd(P2). 
2.4. Minimal sets.
Definition 5. A minimal set for (X,L, E) in M is a compact subset Y ⊂ X
such that Y is not contained in E, Y \ E is a union of leaves and for every leaf
L ⊂ Y, L = Y.
It is easy to show that if there is a neighborhood V of E so that no leaf is contained
in V, then minimal sets exist. Let V be an open neighborhood of E, the singular
set, such that V contains no leaf. Let Xα be a decreasing chain of closed invariant
sets for the foliation. Then ∩(Xα \ V ) is nonempty. Hence ∩Xα is not reduced to
E and Zorn’s Lemma implies the existence of a minimal set. We will sometimes
write minimal set with singularities to emphasize that we allow singularities in Y.
It is indeed not known if there is a minimal set without singularities in P2. The
problem is discussed in [5], [12], [41]. In particular, minimal sets always exist for
holomorphic foliations by Riemann surfaces in Pk with isolated singularities.The
sets X(c) in example 2 are minimal sets since every leaf is dense in X(c).
The global properties of holomorphic foliations of degree d by Riemann surfaces
in P2 are still poorly understood. However the case where the foliation is tangent
to the line at infinity L∞ has been analyzed by Il’yashenko [43]:
Theorem 8. Let Fd(C2) denote the foliations of P2 of degree d, which are tangent
to the line at infinity. There is a set of full Lebesgue measure Ad ⊂ Fd(C2) such
that for any F ∈ Ad every leaf in C2 is dense. Any measurable set of leaves of
F ∈ Ad has zero or total Lebesgue measure.
Mjuller [51] has constructed a non empty open set U of foliations in Fd(P2), such
that for F ∈ U every leaf in F is dense. Loray-Rebelo [49] have constructed open
sets Uk in Fd(Pk) with the same property. They also show that for F ∈ Uk any
measurable set of leaves is of zero or full Lebesgue measure.
Example 2 describes a class of minimal sets with singularities. For the open set of
foliations constructed by Mjuller and Loray-Rebelo, the minimal set is Pk. We will
see that for a dense real Zariski open set of foliations in Fd(P2), then the minimal
set is unique and that it enjoys properties of unique ergodicity.
3. Directed positive closed currents
Let (X,L, E) be a lamination with singularities by Riemann surfaces. We assume
X is contained in a compact Ka¨hler manifold (M,ω) of dimension k. The Ka¨hler
condition is most of the time unnecessary. A Hermitian metric is enough. We will
assume that Λ2(E) = 0 where Λ2 denotes the two dimensional Hausdorff measure.
The lamination is defined by continuous (1, 0) forms γj , j = 1, . . . , ℓ on M, such
14 JOHN ERIK FORNÆSS, NESSIM SIBONY
that γj ∧ [Vα] = 0 for every plaque Vα; [Vα] denotes the current of integration on
the plaque Vα. The γj vanish on E and rank (γj) = k − 1 on X \ E.
Definition 6. A positive current T of bidimension (1, 1) on M is weakly directed
by (X,L, E) if T ∧ γj = 0, 1 ≤ j ≤ ℓ and T is supported on X.
The following is a stronger condition.
Definition 7. A positive harmonic current T of bidimension (1, 1) onM is directed
by (X,L, E) if T is supported on X and if in local flow boxes away from the
singularities T has the form
T =
∫
∆
hα[Vα]dµ(α)
Here µ is a positive Borel measure on a transversal ∆ and [Vα] denotes the
current of integration on the plaque Vα. Clearly, if T is directed, then T is weakly
directed. We will consider the question: under which conditions is a weakly directed
T directed?
The following result is proved in [60] when E is empty.
Theorem 9. (Sullivan) Let (X,L, E) be as above. Either there is a non zero
positive closed (k− 1, k− 1) current weakly directed by L or there is a smooth exact
form of degree 2 which is strictly positive on positive weakly directed (k − 1, k − 1)
currents.
Proof. Let C denote the convex compact set defined by
C := {T on X ;T ≥ 0, T has bidimension (1,1), T ∧ γj = 0,
∫
T ∧ ω = 1}.
Let F := {dφ}⊥ denote the orthogonal in the space of currents of bidimension (1, 1)
of the exact smooth forms of degree 2.Indeed F is the space of closed currents. If
C ∩ F 6= ∅ then there exists a non trivial positive closed current T weakly directed
by L. Necessarily T has no mass on E since Λ2(E) = 0, and positive closed currents
give no mass to such sets. This is a consequence of Federer’s support theorem [28].
If C ∩ F = ∅, we apply the Hahn-Banach Theorem. The space of currents is
reflexive, hence by compactness of C, there exists an element ℓ ∈ {dφ}, such that
ℓ(T ) > δ > 0, T ∈ C and ℓ vanishing on F⊥. We can assume ℓ = dφ.

Remark 2. In order to prove the existence of a weakly directed closed current, the
hypothesis on Hausdorff dimension can be replaced by the weaker assumption that
there is no nonzero closed current supported by E. For example we can assume
M \ E is not k − 1 pseudoconvex in which case E cannot support a current of
bidimension (1,1), see [31]. For k = 2, this means that M \E is not pseudoconvex,
and if M = P2 this is equivalent to M \ E is not Stein.
The following theorem, due to Sullivan [60], explains why weakly directed closed
currents are useful. The theorem applies when there are no singularities and the
lamination is smooth enough. Also the result works in any dimension of the ambient
manifold, but the leaves are Riemann surfaces.
Theorem 10. (Sullivan) Every positive closed weakly directed current T on a lam-
ination by Riemann surfaces which is transversally C1 has the following form in a
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flow box,
T =
∫
[Vα]dµ(α)
where µ is a holonomy invariant positive measure. Any holonomy invariant measure
corresponds to a positive closed directed current.
Proof. We show the last part of the Theorem first. Recall that a measure µ is
holonomy invariant if µ(γ(A)) = µ(A) for every Borel set A on a transversal and
γ is the sliding along leaves from a transversal to another one in a flow box. More
formally let U = (Ui)i∈I be an atlas. Let Γ denote the pseudogroup of holonomy
transformations acting on transversals of L, then µ(γ(A)) = µ(A) when defined.
Let µ be a transverse measure. For a smooth (1, 1) form φ we define
< Tµ, φ >=
∑
i∈I
∫
Si
< [Vα], λiφ > dµi(α).
Here (λi) is a partition of unity associated to the covering (Ui), Si is a transversal in
Ui, and < [Vα], λiφ > denotes the integration on the plaque Vα. It is easy to check
that the definition is independent of the partition of unity. Hence Tµ is closed.
We next show that a positive closed weakly directed current is defined by a
holonomy invariant measure. It is sufficient to analyze the structure of positive
closed weakly directed currents in a flow box B of a C1 lamination.
Let S be a transversal and denote by π the projection on the transversal S. We
assert that the extreme rays of the convex cone of weakly directed positive closed
currents are given by integration on plaques: Let χ be a smooth function with
compact support on S. Since π is C1 then d((χ ◦ π)T ) = χ′(π)dπ ∧ T. But dπ
is pointwise in the span of (γj , γj) which defines the lamination so dπ ∧ T = 0.
Hence (χ ◦ π)T is a weakly directed closed current. The assertion follows. The
representation of T given in the theorem is then a consequence of Choquet’s integral
representation theorem.

For laminations by Riemann surfaces in higher dimension, the theorem is false
if we drop the condition of transverse smoothness. In fact the laminated set given
by the union of the complex curves γt(s) = (s, (s− t)2, (s− t)3) have the property
that the current of integration of the z axis is weakly directed but not directed, see
[29]. Transversally, the above lamination is only Ho¨lder continuous. Also this paper
gives a proof of the theorem in the case of surfaces. In this case the lamination is
given by holomorphic motion and this gives enough transverse regularity to use an
interpolation argument.
Theorem 11. (Plante) Let (X,L, E) be a lamination by Riemann surfaces in a
compact complex manifold M. Suppose there is a sequence of relatively open smoothly
bounded domains Dn ⊂⊂ Ln, Ln ⊂ X Riemann surfaces weakly directed by L, such
that vol(∂Dn)
vol(Dn)
→ 0. Then there is a weakly directed closed current T supported on
∪Dn. It the Ln are locally contained in leaves outside of E, then T is directed by
the lamination.
Proof. Define for a test form φ:
Tn(φ) :=
1
vol(Dn)
∫
Dn
φ.
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Then
|Tn(dη)| =
∣∣∣∣ 1vol(Dn)
∫
∂Dn
η
∣∣∣∣
≤ ‖η‖∞ vol(∂Dn)
vol(Dn)
→ 0
Clearly (Tn) has bounded mass. So any cluster point T of the sequence (Tn) is
a closed current weakly directed by the foliation. Assume next that Ln is locally
contained in leaves outside of E. Notice that if a boundary component of Dn belongs
to one plaque, then we can increase Dn by filling in the hole. Filling in all such
local holes increases vol(Dn) and decreases vol(∂Dn) . We assume below, that the
local holes have been filled. We also shrink the plaques.
To show that T is directed, note that in any flow box the current Tn is given
by a finite number of plaques. It the total mass of the plaques in the flow box
goes to zero, the limit T is identically zero there. If the mass does not go to zero,
the fraction of plaques that is only partially contained in Dn goes to zero. This is
because if a plaque is only partially contained in the shrunk Dn, there is a boundary
piece with length at least comparable to the area of the plaque. Hence when we
pass to limits we can suppress the plaques which are not completely contained in
Dn. Hence the limit is directed.

Remark 3. The previous result implies that when a lamination has no directed
positive closed current, then leaves satisfy the following growth condition. Given a
leaf L, fix p ∈ L and consider D(r), the disc of center p and radius r, on the leaf,
with respect to a fixed Hermitian metric on the manifold. Then Plante’s theorem
implies that
limr→∞
vol(∂D(r))
vol(D(r))
= αL > 0.
In particular there is a constant C = CL such that vol(D(r)) ≤ C vol(∂D(r)). It
follows that the areas of the leaves grow at least exponentially [52].
Corollary 1. Let (X,L, E) be a laminated compact in M. Let φ : C→ X be a non
constant holomorphic map. Assume
< γi(φ(ζ)), φ
′(ζ) >= 0, ζ ∈ C.
Then there is a nontrivial weakly directed positive closed current T, for the lamina-
tion (X,L, E) defined by the (γi). If in addition we make the hypothesis that φ(C)
is locally contained in a leaf outside of E, then there is a nontrivial positive closed
directed current.
Proof. We recall that the γj vanish on E. LetDr = φ(∆r) where ∆r denotes the disk
in C centered at zero with radius r. Let A(r) := Area(Dr), L(r) := Length(∂Dr). It
is enough, by the weakly directed case of Plante’s theorem, to show the existence
of a sequence ri → ∞ such that limi L(ri)A(ri) → 0. Suppose on the contrary that
limr→∞
L(r)
A(r) = C > 0. We will get a contradiction using an inequality due to
Ahlfors. We have by Schwarz’s inequality
L(r) = r
∫ 2π
0
|φ′(reiθ)|dθ ≤ r
(∫ 2π
0
|φ′(reiθ|2dθ
) 1
2 √
2π.
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On the other hand,
dA(r)
dr
= r
∫ 2π
0
|φ′(reiθ)|2dθ.
So L2(r) ≤ 2πr dA(r)dr . For each c > 0, define Ec := {r; L(r)A(r) ≥ c}. We get on Ec
dA
dr
≥ L
2(r)
2πr
≥ c
2
2πr
A2(r)
⇒
A′
A2
≥ c
2
2πr
, r ∈ Ec
⇒∫
Ec
dr
r
≤ 2π
c2
∫
Ec
A′
A2
≤ 2π
c2
∫ ∞
0
A′
A2
≤ 2π
c2A(0)
.
So Ec cannot contain a neighborhood of infinity. The other assertions follow
from the directed case of Plante’s theorem.

Example 13. Let Xc = {(z, w); |z| = c|w|λ} with λ ∈ R, where the closure is
in P2. Then Xc has many images of C, φ(ζ) = (ce
λζ , eζeiθ). Let π denote the
projection from C3\0→ P2. The current T defined by π∗T = i∂∂u, with u(z, w, t) =
log(max{|z||t|λ−1, c|w|λ}), (assuming λ > 1) is directed by the lamination. If λ is
irrational then it can be shown that it is up to multiplication by a constant the
unique positive closed current supported by Xc. The holomorphic foliation of P
2
associated to α = λzdw−wdz, λ ∈ R admits a continuous family of directed positive
closed currents. In the presence of a transverse measure, i.e. of a positive closed
directed current, the dynamics is quite clear. But most foliations do not admit a
directed positive closed current.
We can construct similar examples for foliations of higher degree. Let F be a
holomorphic map of algebraic degree d. Then for generic F, F ∗α defines a holo-
morphic foliation of degree 2d − 1, which has also infinitely many positive closed
directed currents.
Proposition 3. Let (X,L, E) be a lamination with singularities in a compact com-
plex manifold M. Assume Λ1(E) = 0 or Λ2(E) = 0 and E is locally complete
pluripolar. Suppose L is a leaf which is closed in X \ E, then L is an analytic set.
Proof. Consider [L], the current of integration on L. It is a positive closed current
of bidimension (1, 1) in M \ E. Under the hypothesis it follows that the trivial
extension ˜[L] of [L] is still positive and closed. If Λ1(E) = 0 this is a consequence of
Harvey’s theorem [40], otherwise we use [31] to show that the mass of L is bounded
near E, a version of Bishop’s Theorem [24] gives the result.
Let ν( ˜[L], a) denote the Lelong number at a. According to Siu’s theorem [59]
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L′ = {a; ν( ˜[L], a) ≥ 1}
is an analytic set in M, which contains L. Hence L = L′ and L is algebraic.

Theorem 12. Let (X,L, E) be a C2 lamination with singularities in P2. If a leaf
is contained in an algebraic curve A and if X contains a neighborhood of A, then
A ∩ E 6= ∅.
Proof. The proof is by contradiction, so assume that A∩E = ∅. We introduce first
the conormal bundle associated to a lamination (X,L, E), transversally C2 on a
surface M. The construction is classical.
We can cover X \E by a locally finite collection of charts (Ui) with φi : Ui → ∆×
Ti, C2 homeomorphisms. The change of coordinates is of the form zj = h(zi, ti), tj =
tj(ti). The plaques are given by ti = c
te. In particular dtj = tijdti with tij constant
on plaques in Ui ∩ Uj . Clearly tijtjktki = 1 on Ui ∩ Uj ∩ Uk. So the constants
cijk =
1
2πi (log tij + log tjk + log tki) define an element of H
2(X \E,Z). Let (χi) be
a partition of unity associated to the cover (Ui). Define on Ui the C1, 1− form
γi =
∑
j
χj
dtij
tij
.
Since (tij) is a multiplicative co-cycle, we have that γi − γj = dtijtij and (γi) define
a continuous 1− form on Ui, which satisfies γi ∧ dti = 0. The 2- form Ω = 12πi (dγj)
is well defined, closed and continuous in X \ E on Ui we have Ω ∧ dti = 0.
Fix a neighborhood U of A disjoint from E, where Ω is well defined. The cocycle
{cijk} restricted to A represents the Chern class of the conormal bundle to A and
is hence non trivial. It is also represented by the form Ω which is hence non exact.
So there is a constant c 6= 0 such that Ω− cω = dγ where γ is a 1− form.
Let [A] denote the current of integration on A. Since Ω ∧ [A] = 0, we get
< [A], cω >=< [A], cω − Ω >=< d[A], γ >= 0.
This is a contradiction. 
Remark 4. Let (X,L, E) in P2 be a lamination which is transversally C1 out of
E. We will see in Section 4, Theorem 15, that if T is a directed closed current for
(X,L, E), then supp(T ) has to intersect E.
3.1. Baum-Bott Formula. Suppose F is a holomorphic foliation on a compact
surface M. If locally F is defined on Ui, by a holomorphic form αi, then on the
intersection Ui ∩ Uj we have αi = gijαj . The functions (gij) are the transition
functions of the so called normal bundle NF of F .
Using the exact sequence
0→ Z→2iπ O →exp O∗ → 0,
we get the long exact sequence of cohomology groups
H1(M,O)→ H1(M,O∗)→c1 H2(M,Z)→ .
The image of the map c1 of a line bundle B is called the Chern class of B. In
the case of P2, H2(P2,Z) = Z. Hence the Chern class of a bundle is just an integer.
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For the normal bundle to a foliation of degree d in P2 it can be shown, see [8] or
[64] that NF = O(d + 2). So the Chern class is just (d+ 2).
We now define the Baum-Bott index at a singular point p. Assume the foliation
F is given near the singular point p by the form α = Pdw−Qdz. Then dα = β ∧α,
with β = Pz+Qw|P |2+|Q|2 (Pdz +Qdw). The Baum-Bott index at p is
BB(F , p) = 1
(2iπ)2
∫
∂B1
β ∧ dβ
where B1 is a small ball around p.
So the Baum-Bott index is a residue and it can be shown that it is independent
of the form α defining F and of the choice of β such that dα = β ∧ α.
When the eigenvalues λ1, λ2 of the vector field F at p are both nonzero then
BB(F , p) = λ1
λ2
+
λ2
λ1
+ 2.
Theorem 13. (Baum-Bott) [3] Let F be a holomorphic foliation of a compact
surface M. Then
NF ·NF =
∑
p∈ Sing(F)
BB(F , p)
So if M = P2, we get
(d+ 2)2 =
∑
p∈ Sing(F)
BB(F , p).
A proof of the previous theorem can also be found in [8] .
Recently, Lins-Neto and Pereira have shown that this is the only relation between
the BB indices. They consider the space of holomorphic foliations of degree d in
P2. For each foliation F there are N = d2+ d+1 singular points p1, . . . , pN . Define
the map B(F) = [BB(F , p1), · · ·BB(F , pN )] with values in (P
1)N
SN
where SN is the
premutation group of the N coordinates.
Theorem 14. (Lins-Neto, Pereira)[47] The Baum-Bott map B has maximal rank
equal to N − 1 = d2 + d.
4. Laminations without positive closed currents
Theorem 15. Let (X,L, E) be a lamination with singularities in a compact complex
manifold M . Either there is a non trivial image of C weakly directed by L or there
is a constant c > 0 such that
|φ′(ζ)| ≤ c
1− |ζ|2
for all holomorphic maps from the unit disc ∆ into X, weakly directed by L. The
same result holds for maps with images locally contained in leaves outside E.
Proof. Assume there is no nontrivial image of C weakly directed by L. We show
that there exists c > 0 such that |ψ′(0)| ≤ c for every holomorphic map ψ : ∆→ X,
weakly directed by L. This implies the result: Let ψ(z) = φ( z+ζ
1+ζz
). Then |ψ′(0)| =
|φ′(ζ)|(1 − |ζ|2) ≤ c. So |φ′(ζ)| ≤ c1−|ζ|2 .
The proof is by contradiction using Brody’s technique. Assume there are ψn,
holomorphic in a neighborhood of ∆, such that |ψ′n(0)| → ∞. Let Hn(z) := (1 −
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|z|2)|ψ′n(z)|. For each n, there is a zn ∈ ∆ so that Hn(zn) = max∆Hn. Define
φn(z) := ψn(
z+zn
1+znz
) =: ψn(En(z)). Then
|φ′n(z)|(1 − |z|2) = |ψ′n(En(z))||E′n(z)|(1− |z|2)
= |ψ′n(En(z))|(1 − |En(z)|2)
|E′n(z)|
1 − |En(z)|2 (1 − |z|
2)
= |ψ′n(En(z))|(1 − |En(z)|2)
≤ Hn(zn)
= |φ′n(0)|.
Since |φ′n(0)| ≥ |ψ′n(0)|, we then have Rn := |φ′n(0)| ր ∞. Define hn(z) :=
φn(
z
Rn
). We have using the above estimate:
|h′n(z)| =
1
Rn
|φ′n(
z
Rn
)| ≤ 1
1− |z/Rn|2 .
So {hn} is equicontinuous. We can assume that (hn) converges uniformly on com-
pact sets of C to a nonconstant holomorphic map h : C → X. Clearly h is weakly
directed by L and the image cannot be contained in E, since Λ2(E) = 0. The last
part is proved in the same way.

Remark 5. It is enough to assume that E is Brody hyperbolic in the sense that
there is no holomorphic non constant map C → E. If X = E, we find the usual
Brody Theorem.
Corollary 2. Assume there is a holomorphic map φ : ∆ → (X,L, E) such that
limr→1(1− r)Area(φ(∆r)) =∞ and with φ(∆) locally contained in leaves outside of
E. Then there is a nonconstant image of C in (X,L, E) locally contained in leaves
outside E and consequently a positive closed current directed by (X,L, E), supported
in φ(∆).
Proof. If not then |φ′(ζ)| ≤ c1−|ζ|2 and
∫
∆r
|φ′|2 ≤ c′1−r , a contradiction. The last
statement follows from Plante’s theorem and the remark after.

Brunella [9] has shown that generically for holomorphic foliations by Riemann
surfaces in Pk there are no directed positive closed currents.
Theorem 16. (Brunella) Given k ≥ 2 and d ≥ 2, there exists an open dense
set U ⊂ Fd(Pk) such that any F ∈ U has no non trivial directed positive closed
bidimension (1, 1) current. A foliation F belongs to U if all the singularities are
hyperbolic and no algebraic curve is invariant by F .
We show that for P2, if the singularities of F are hyperbolic, then the only
positive closed currents directed by F correspond to algebraic leaves.
Proof. We show first that there is no mass of a directed positive closed current T,
near a singularity. We study the local model near 0, given by α = zdw−λwdz, λ =
a + ib, b 6= 0. Take a transversal Dz0 = {|w| < 1, z = z0}. The leaves are given
by z = eζ, w = ceλζ . A leaf hits the transversal at (z0, ce
λζn) with z0 = e
ζ0 and
ζn = ζ0 + 2iπn. So |ceλζn | = de−2πnb decays geometrically. The mass of T is finite
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and is preserved by the holonomy map. This is impossible unless T is concentrated
on the separatrices z = 0, w = 0. Let ν(T, p) denote the Lelong number of T at
p. According to a theorem of Siu [59] the sublevel sets {p; ν(T, p) ≥ c > 0} are
analytic. If T has mass on z = 0 for example, then for some c > 0, {ν(T, p) ≥ c}
will define an analytic set of dimension one, this will give an algebraic leaf. We
subtract from T these contributions. Then T has to be supported on a closed
invariant set Y, without singularities. It can then be shown, Hurder-Mitsumatsu
[42], that
∫
T ∧ T = 0. This is impossible in the projective space, see also Theorem
17 below.

We give here the argument that we will use to study the self intersection of a
positive directed closed current which gives also a proof of the Hurder-Mitsumatsu
result. The result was first proved by Camacho, Lins-Neto, Sad [12] for holomorphic
foliations in P2 and by Hurder-Mitsumatsu in the C1 case.
Theorem 17. Let (X,L) be a transversally Lipschitz lamination in P2 without
singularities.Then there is no positive directed closed current on X except for the
current of integration on algebraic leaves.
Proof. Let T be a positive directed closed current of mass 1. Let Φǫ be an au-
tomorphism of P2 close to the identity. Define Tǫ = (Φǫ)∗T. If in a flow box
B, T =
∫
[∆α]dµ(α), then Tǫ =
∫
[∆ǫβ ]dµ(β). It is possible to define the geometric
intersection T ∧g Tǫ. If φ is a test function in B,
< T ∧g Tǫ, φ >=
∫  ∑
p∈Jǫ
α,β
φ(p)

 dµ(α)dµ(β).
Here Jǫα,β consists of the intersection points of ∆α and ∆
ǫ
β. We assume that Φǫ is
chosen so that there is no common leaf in L and (Φǫ)∗L. We can use a partition of
unity to define T ∧g Tǫ globally. It is shown in [32] that if the lamination is Lipschitz
then the number of points in Jǫα,β is uniformly bounded.
If T is not the current of integration on an algebraic subvariety the problem
can be reduced to the case where the transverse measure is diffuse, i.e. has no
mass on points. We can consider smoothings of T and Tǫ, T
δ and T δ
′
ǫ . Here
T δ =
∫
φ∗(T )dρδ(φ) where ρδ is an approximation of identity on U(3). The uniform
estimate on the number of intersections between plaques permits to show that
< T δ
′
ǫ , φT
δ >→ 0
when δ, δ′ << ǫ, ǫ→ 0. On the other hand we can show that∫
T ∧ T =
∫
T δ
′
ǫ ∧ T δ =
∫
T δ
′
ǫ ∧g T δ → 0.
This is impossible for positive closed currents in P2 unless T = 0.Indeed the
integral can be computed cohomologically and T is cohomologous to the Fubini
Study form.

Let K be a laminated set. We define a holonomy map. Fix a point p ∈ K.
Suppose there is a closed curve γ in the leaf through p and which starts and ends
at p. Let A denote a transverse slice to K at p. Then for every q ∈ A ∩ K close
enough to p we can follow the leaf through q along γ until we return to a point
22 JOHN ERIK FORNÆSS, NESSIM SIBONY
s(q) ∈ A ∩ K. The map s is said to be a holonomy map. If the lamination is a
holomorphic foliation, and A is a complex manifold, then s is a holomorphic map.
We note that if there is a closed laminated current on K, then the holonomy map
preserves the transverse measure. If K is in a complex surface and s has p as an
attracting fixed point, then there can be no mass of a transverse measure on small
punctured discs in A. Bonatti, Langevin and Moussu [5] have proved the following
result:
Theorem 18. (Bonatti-Langevin-Moussu) Let F be a holomorphic foliation of P2.
Assume M is an exceptional minimal set for F . Then there is a leaf L in M and
a closed real curve in L with hyperbolic holonomy.
4.1. Poincare´ Metric. Let (X,L, E) be a laminated set with singularities in a
compact Hermitian manifold (M, g).
We define two functions for p ∈ X with values in [0,∞].
η(p) = max{|φ′(0)|, φ : ∆→ X,φ(∆) locally in leaves outside E, φ(0) = p}.
η˜(p) = max{|φ′(0)|, φ : ∆→ X \ E, φ(∆) contained in a leaf and φ(0) = p,
if p ∈ E, η˜(p) = 0}.
The following is a variation on results by Ghys [37], Candel-Gomez Mont [17],
Verjovsky [62] and Candel [15]. We use a result by Royden [57] in order to study
the lower semi continuity of the above functions.
Theorem 19. If there is no image of C locally contained in leaves outside E, then
η is upper semicontinuous on X \ E with values in (0,∞).
Proof. The maps under consideration are allowed to pass throughE.We show that η
is upper semicontinuous. Suppose that pn → p and |φ′n(0)| > η(pn)− 1/n, φn(0) =
pn. By Theorem 3 there is a constant c such that |φ′n(ζ)| ≤ c1−|ζ| . We can then
assume that φn → φ uniformly on compact sets of ∆. Then φ(0) = p, |φ′(0)| ≥
lim η(pn). Since φ is an element in the family on which the max is taken, it follows
that η(p) ≥ limp′→pη(p′). So η is upper semi continuous..

Theorem 20. The function η˜ is lower semicontinuous. Assume that E is finite and
that for p ∈ E there are exactly k local invariant hypersurfaces Σ1, . . . ,Σk such that
∩Σi = p. The function η˜ is continuous if there is no image of C locally contained
in leaves out of E.
Proof. We first prove lower semicontinuity. Pick a point p ∈ X. If p ∈ E, η˜(p) = 0
so lower semicontinuity is obvious. We assume that p ∈ X \ E and η˜(p) < ∞. Let
L ⊂ X \ E be the leaf through p and let φ : ∆ → L be the uniformizing map,
φ(0) = p. Fix r < 1. Then φ(∆r) admits a Stein neighborhood U , (Royden [57]),
biholomorphic to the bidisc. If φ is not 1− 1 we lift to a Riemann domain. Steiness
implies the existence of holomorphic retractions on submanifolds. So the leaves are
holomorphic graphs on φ(∆r) and we can lift φ to the graph. So at p
′ close to p,
η˜(p′) ≥ η˜(p)− ǫ. This gives lower semicontinuity.
We prove next upper semicontinuity under the hypothesis that there is no image
of C locally contained in leaves outside of E. Let p ∈ X, pn → p, |φ′n(0)| ≥ η˜(pn)−
1/n, φn(0) = pn.We can assume φn → φ. If φ(∆)∩E = ∅, then η˜(p) ≥ lim sup η˜(pn).
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Assume next that φ(∆)∩E contains some p0.We want to show that φ(∆) = {p0}.
Let q ∈ D ⊂ ∆ be a small subdisc with φ(q) = p0. If φ(∆) 6= {p0}, for some i, φ(D)
is not locally contained in Σi. Assume Σi = {hi = 0} in a neighborhood of p0. For
large n, since φn are contained in leaves, hi 6= 0 on φn(D). But hi ◦ φn(q) → 0.
By Hurwitz, φ(D) ⊂ {hi = 0}, a contradiction. Hence φ is constant so p0 = p and
pn → p0, |φ′n(p)| → 0 and η˜(pn)→ 0.

Example 14. [17] Suppose that L is given locally by holomorphic vector fields with
linearizable hyperbolic singularities i.e. equivalent to Z =
∑k
j=1 λjzj
∂
∂zj
, λj 6= 0.
Then, the first hypothesis of Theorem 20 is satisfied. If we assume that there are
no algebraic leaves, then Brunella’s result, Theorem 16, implies that there are not
directed closed currents and hence no directed image of C . Then Theorem 20
applies.
Remark 6. Suppose that we are in the situation of the second part of Theorem
20. Since the leaves in X \ E are uniformized by the unit disc we have a Poincare´
metric gP on each leaf. There is also a metric gL induced by the Hermitian metric
g on M. Then gL = ηˆgP , and ηˆ = η˜. So the previous result gives the continuity of
ηˆ in X \ E.
Let Cd denote the set of foliations F of degree d in Pk, which admit a non constant
directed holomorphic map f : C→ Pk. Using Brody’s technique it is easy to check
that Cd is closed in Fd(Pk). Observe also that Corollary 1 implies that Cd is contained
in the set Cd of foliations admitting a positive closed directed current. Theorem 7
and Theorem 16 imply that Ud := Fd(Pk)\Cd contains a dense real Zariski open set
of Fd(Pk). We can define on Fd×Pk, the functions η(F , p), η˜(F , p) as the functions
η, η˜ associated to F , we just emphasize the dependence on F . Theorem 20 extends
easily to this context and the function (F , p)→ η˜(F , p) is lower semi continuous on
Fd × Pk and continuous on Ud. The function
c(F) := sup{|φ′(0)|;φ : ∆→ Pk, holomorphic and F directed} = sup
p
η˜(F , p),
is also continuous on Ud and is an exhaustion in Ud, i.e. it goes to infinity when F
approches the boundary of Ud which is Cd, since this set has empty interior.
4.2. Universal covering maps of leaves. The following theorem is proved for
laminations in a compact complex manifold M of dimension k.
Theorem 21. Let (X,L, E) be a laminated set with a finite set E of singular points.
Assume there is no directed positive closed current on (X,L, E). Let φ : ∆→ X \E
be the universal covering map of a leaf L. Then∫
∆
(1− |ζ|)|φ′(ζ)|2dλ(ζ) =∞.
Proof. Recall that |φ′(ζ)| ≤ c1−|ζ| , with c independent of φ. We need an estimate
from below.
Lemma 1. For every ǫ > 0 there is a constant cǫ > 0 such that
|φ′(ζ)| ≥ cǫ
1− |ζ|
if dist(φ(ζ), E) ≥ ǫ.
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Proof. We only have to show that |φ′(0)| ≥ cǫ if dist(φ(0), E) ≥ ǫ.We then consider
ψ(ζ) = φ( ζ+ζ0
1+ζ0ζ
). Then ψ′(0) = φ′(ζ0)(1− |ζ0|2) and we get the estimate on φ′(ζ0).
Let (Bi) be a locally finite covering of X \ E, by flow boxes. We can assume
that the plaques in Bi are graphs wi = fα(zi), |zi| < 1, and that the graphs extend
uniformly to |zi| < 2. Let φ : ∆ → L ⊂ X \ E be the universal covering of a leaf
L. We can assume that φ(0) = (a, b) is on the graph wi = fα(zi). Then φ
−1 has a
well defined branch, φ−1(φ(0)) = 0, on wi = fα(zi), |zi − a| < 1. By the Schwarz’s
Lemma, |(φ−1)′| ≤ 1. Hence |φ′(0)| ≥ 1.
The constant cǫ appears when we compare the metric in normalized coordinates
with the Hermitian metric on M.

We continue with the proof of the Theorem. Consider the measurable subset A
of the unit circle defined as
A := {eit; lim
r→1
φ(reit) ∈ E}.
Let λ1 denote the Lebesgue measure on the unit circle. We want to show that
λ1(A) = 0. Assume that λ1(A) > 0. We cover E by finitely many small domains
Ui in which E is defined by holomorphic functions hi,j . We can assume that no hi,j
vanishes identically on any open piece of φ(∆). Let Ai = {eiθ; limφ(reiθ) ∈ E∩Ui}.
Suppose that λ1(A1) > 0.We have that limr→1 h1,j(φ(re
iθ)) = 0 for all θ ∈ A1. The
argument in Privalov [22] shows that we can construct a domain with rectifiable
boundary such that h1,j(φ) is well defined there, with radial limits 0 on a set of
positive measure. The estimate |φ′(ζ)| ≤ c1−|ζ| implies that the function h1,j(φ)
is bounded in an angle. By Lindelo¨f’s Theorem, φ has non tangential limit in a
possibly smaller angle. Privalov’s theorem implies that h1,j ◦φ ≡ 0, a contradiction.
Consequently there is a δ > 0 and a closed set F ⊂ ∂∆ with λ1(F ) ≥ 1/2, such
that for every eit ∈ F there is a sequence rj → 1 with dist(φ(rjeit), E)) ≥ 2δ.
Define Eδ := {q; dist(q, E) ≤ δ}. Since |φ′(ζ)| ≤ c1−|ζ| , then φ(∆(rjeit, a(1 − rj))
does not intersect Eδ for some a > 0 small enough. By Lemma 1, on the disc
∆(rje
it, a(1− rj)) we have |φ′(ζ)| ≥ δ1−|ζ| . Consequently∫ 1
0
|φ′(reit)|2(1− r)dr ≥
∑
j
∫ rj+a(1−rj)
rj−a(1−rj)
cδdr
1− r = cδ
∑
j
log
1 + a
1− a .
Hence
∫
F
dt
∫ 1
0
|φ′(reit)|2(1− r)dr =∞.

5. Harmonic Currents
As we have seen in the previous chapter, generic holomorphic foliations of Pk with
hyperbolic singularities have no algebraic leaves and hence don’t admit a directed
closed current. It is of interest to find another global object describing how leaves
are distributed. Harmonic currents provide such a description.
The notion of harmonic measure was introduced by L. Garnett [35] for foliations
without singularities in Riemannian manifolds. It was extended to laminations with
singularities by Berndtsson and the second author [4] and developed in [32].
Let (M,ω) be a compact Ka¨hler manifold. Recall that a (p, q) current T is
harmonic if and only if i∂∂T = 0.We will be mostly interested in positive harmonic
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currents of bidimension (1, 1) or of bidegree (1, 1). For laminations they will be the
analogue of positive invariant measures for dynamical systems.
Let (X,L, E) be a lamination by Riemann surfaces inM with Λ2(E) = 0. Assume
L is given by continuous (1, 0) forms (γj) vanishing on E. We will also assume that
E is locally complete pluripolar. This means that for p ∈ E, there is a plurisubhar-
monic function u in some neighborhood B(p, r) such that (u = −∞) = E ∩B(p, r).
5.1. Construction of harmonic currents by exhaustion.
Theorem 22. Let M be a compact Hermitian manifold. Let φ : ∆ → M be a
holomorphic map. Assume∫
(1− |ζ|)|φ′(ζ)|2dλ(ζ) =∞.
Define Tr := φ∗(log
+ r
|ζ| [∆]) and τr :=
Tr
‖Tr‖
. Then all cluster points of {τr} are pos-
itive harmonic currents supported on φ(∆). If φ is weakly L−directed for (X,L, E)
(resp. L−directed ) then all the cluster points of τr : are weakly L−directed (resp.
L−directed ).
Proof. The situation is different from the construction of positive closed currents
starting from an image of C. Then we have to choose a cluster point, not all of them
are a priori closed. Here all cluster points are harmonic.
Define in C, the function Gr(ζ) = 1/(2π) log
+ r
|ζ| , r > 0. Observe that Gr van-
ishes on ∂∆r and that near 0 the Laplacian of Gr is the Dirac mass at 0. Let
φ(0) = p. Define Tr = φ∗(Gr[∆]), r < 1. If θ is a test form, then
< Tr, θ >= 1/(2π)
∫
log+(r/|ζ|)φ∗(θ).
We can estimate the mass of Tr. We have
A(r) := ‖Tr‖ =
∫
log+(r/|ζ|)|φ′(ζ)|2dλ(ζ)
∼
∫
(r − |ζ|)+|φ′(ζ)|2dλ(ζ)
The hypothesis implies that A(r)ր∞. We also have from Jensen’s formula
i∂∂Tr = φ∗(νr)− δp
where νr denotes the Lebesgue measure on the circle of radius r. Hence if T is a
cluster point of (Tr/A(r)), T is non zero, and
i∂∂T = lim
r→1
i∂∂Tr
A(r)
= lim
r→1
φ∗(νr)− δp
A(r)
= 0
Clearly if φ(∆) is weakly directed by continuous forms γj , then T ∧ γj = 0.
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We show that if φ is L− directed for (X,L, E) i.e. if φ(∆) are locally contained
in leaves then all the cluster points are harmonic L−directed. In a flow box the
current Tr is supported on a finite number of plaques. The fraction of plaques
that is only partially covered after shrinking the plaques is of bounded mass, since
A(r) is unbounded we can neglect that contribution in the limit. We then observe
that the limit, in a flow box of directed positive harmonic currents, is directed.
Indeed the limit is in the closed convex hull of the extreme points, which gives the
decomposition in plaques.

Corollary 3. Let (X,L, E) be a lamination with E analytic of dimension 0 and
without directed positive closed currents. Then the leaves are uniformized by discs
φ : ∆→ (X,L) and the cluster points of Tr = 1A(r)φ∗(Gr [∆]) are harmonic currents
directed by L.
Proof. This is a consequence of Theorem 22 and of the estimate in Theorem 21.

The currents Tr give an average along leaves and our goal is to prove an ergodic
theorem: the limit of the averages, is independent of the leaf.
We now give another construction of harmonic currents for general singular sets
E as above, when the hypothesis in Theorem 22 is not necessarily satisfied.
Theorem 23. Assume the lamination (X,L, E) is transversally C2. There exists a
positive current T of bidimension (1, 1) supported on X such that
i)
∫
T ∧ ω = 1.
ii) T ∧ γj = 0 ∀ j.
iii) i∂∂T = 0.
iv) In a flow box B, disjoint from the singularities
T =
∫
∆
hα[Vα]dµ(α)
where [Vα] denotes the current of integration on the plaque Vα, hα is a positive
harmonic function depending measurably on α, when α varies on a transversal ∆.
We show how to find a current satisfying i)-iii). For iv) we refer the reader to
[32]. The equivalence of weakly directed and directed harmonic currents is proved
in [30] for surfaces without the assumption of transverse smoothness.
Proof. Let
C := {T ≥ 0,
∫
T ∧ ω = 1, T ∧ γj = 0, T of bidimension (1, 1), supported on X}.
Define F = {i∂∂ψ}⊥, the orthogonal complement in the space of currents of bidi-
mension (1, 1) of ∂∂− exact (1, 1) forms,The space F is the space of ı∂∂ closed
currents. We have to show that C ∩F 6= ∅. Assume not, then by the Hahn-Banach
theorem and the reflexivity of the space of currents, there is a δ > 0 and a smooth
function ψ such that for every T in C,
< T, i∂∂ψ >≥ δ. (1)
Since ψ is smooth, by (1) it is strictly subharmonic along the leaves. The space
X being compact, the maximum of ψ can be reached only at a point p ∈ E. Choose
local coordinates z in M such that p = 0 and E ∩ B(0, r) = {u = −∞}, with
LAMINATIONS WITH SINGULARITIES 27
u plurisubharmonic in B(0, 2r) and negative. The function ψ1 := ψ − δ‖z‖2/2 is
still plurisubharmonic along leaves and ψ1(0) = maxX∩B(0,r) ψ1. We have ψ1(z) ≤
ψ1(0)−δr2/2 on ∂B(0, r)∩X. Define ψ2 = ψ1+ǫu. Then ψ2|∂Br∩X ≤ ψ1(0)−δr2/2.
If z1 ∈ X \ E, u(z1) 6= −∞ is close enough to zero and ǫ is small enough we get
ψ2(z1) > ψ1(0)− δr2/2. Hence the max of ψ2 on X ∩B(0, r) is reached away from
∂B(0, r) and away from E. This contradicts that ψ2 is strictly subharmonic on
leaves. Since Λ2(E) = 0, T has no mass on E as follows easily from the existence
of Lelong numbers for harmonic currents [4].
In a flow box B, we can assume that the lamination is given by the kernel of
continuous (1, 0) forms (γj). We consider the desintegration of ‖T ‖ along leaves.
< T, φ >=
∫
< να, φ > dµ(α).
Here ναis a measure on the plaque Vα.. We extend T to forms which are C2 along
leaves and continuous and then the extension is still ∂∂ closed along leaves, [32].
For µ almost every α, να is i∂∂ closed along leaves and hence να = hα[Vα] is a
positive harmonic function on the corresponding plaque.
When the lamination is transversally C2 it is possible to show, as in Theorem 10,
that such currents can be decomposed as claimed, by considering the decomposition
in extremal elements. For general L one has to choose an appropriate T [32].

We give a result on decomposition of directed harmonic currents.
Proposition 4. Let F be a holomorphic foliation with singularities on a compact
surface M without meromorphic first integral. Let T be a positive harmonic current
directed by F . Then
T =
N∑
j=1
λj [Vj ] + T0
with λj > 0, [Vj ] are closed analytic subvarieties directed by F and T0 is diffuse
in the following sense. In a flow box B, T0 =
∫
hα[Vα]dµ(α), with the measure µ
diffuse.
Proof. It is shown in [32], Proposition 5.1 that if a positive directed harmonic
current gives mass to a leaf then the leaf is contained in a compact Riemann surface.
Theorem 6.1 implies that the number of such leaves is finite. The proposition
follows. 
Remark 7. i) If Λ2(E) = 0 or if E does not contain a closed set E′ such that
P2 \E′ is k−1 pseudoconvex, then E does not support a nonzero positive harmonic
(1, 1) current [31].
ii) The measure µ is not necessarily invariant by holonomy, but if A is a Borel set
on a transversal, such that µ(A) = 0, then µ(γ(A)) = 0 if γ is in the pseudogroup of
holonomy transformations. Indeed Harnack’s inequalities show that if Ta denotes
the slice of the current T, if φ(a, a′) denotes the holonomy map from the a slice to
the a’ slice then the direct image (φ(a, a′))∗Ta ≤ cTa′ with c the constant given by
Harnack’s inequalities.
Corollary 4. Let (X,L, E) be a lamination with singularities in P2. Assume that
Λ2(E) = 0. Let L1, L2 be two leaves of L. Then L1 ∩ L2 6= ∅.
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Proof. If not there are two positive closed or harmonic currents T1, T2 supported
respectively on L1, L2, this is basically a consequence of the maximum principle,
see[4]. It is shown in [31] that the complement of the support of such currents is
pseudoconvex hence, it is Stein. However, P2 \ supp(T1) which is Stein, cannot con-
tain a compact (Supp(T2)) with Stein complement. This follows from the existence
of a strictly p.s.h exhaustion function in P2 \ supp(T1) .

For each d ≥ 2, Loray-Rebelo [49] constructed a non empty open set U of holo-
morphic foliations of degree d in Pk by Riemann surfaces such that every leaf of
F ∈ U is dense. By Theorems 7, 10 and 16 we can assume that F ∈ U has isolated
hyperbolic singularities and that F supports no weakly directed or directed posi-
tive closed current. The (weakly) directed harmonic currents TF associated to such
foliations have support equal to Pk.
5.2. Potential Theory of positive harmonic currents and energy. The the-
ory can be developed in compact Ka¨hler manifolds [32].. For simplicity we restrict
to (Pk, ω) where ω is the Fubini Study form normalized by
∫
ωk = 1.
Theorem 24. Let T be a positive, ∂∂ closed current of bidegree (1, 1) on Pk. Then
the current can be decomposed as
T = cω + ∂S + ∂S + i∂∂u.
with c ≥ 0, S a (0, 1) form in L2, with ∂S and ∂S in L2 and u is a function in
L1. The current ∂S is uniquely determined by T, moreover T is closed if and only
if ∂S = 0. The map which sends T to ∂S is well defined.
Proof. The current ∂T is closed and ∂ exact, hence the ∂∂ lemma [23], implies the
existence of a (0, 1) current R, such that
∂T = ∂∂R.
Hence ∂[T − ∂R] = 0. Therefore there is a constant c ≥ 0 and a current R′ such
that
T − ∂R = cω + ∂R′.
Using that T = T we get the decomposition
T = cω + ∂S0 + ∂S0 (1)
where S0 is a (0, 1) current.
Observe that S0 is not unique, it is defined up to addition of ∂v. Hence ∂S0 is
unique.
We show next that
E(T ) :=
∫
∂S0 ∧ ∂S0 ∧ ωk−2 <∞.
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Assume at first that T is smooth. Then S0 can be chosen smooth and
0 ≤
∫
T ∧ T ∧ ωk−2
= c2
∫
ωk + 2
∫
∂S0 ∧ ∂S0 ∧ ωk−2
=
∣∣∣∣
∫
ωk−1 ∧ T
∣∣∣∣2 − 2
∫
∂S0 ∧ ∂S0 ∧ ωk−2
So we get the a priori estimate
2
∫
∂S0 ∧ ∂S0 ∧ ωk−2 ≤
∣∣∣∣
∫
T ∧ ωk−1
∣∣∣∣2 . (2)
For an arbitrary T, we can approximate T by smooth (Tǫ). By (2) we get a
uniform bound for the norm ∂Sǫ0 in L
2. So letting ǫ→ 0, we get that ∂S0 ∈ L2. By
Hodge L2 theory on Pk, [23] we can solve
∂S = ∂S0
with S, ∂S in L2 and S0 = S + ∂v. Replacing in (1) we obtain that
T = cω + ∂S + ∂S + i∂∂
(
v − v
i
)
and the function u = (v − v)/i is in Lp, for any p < kk−1 .

Corollary 5. Let T be a positive harmonic current of bidegree (1, 1) in Pk. Let
X =Supp(dT ). Then Pk \ X is pseudoconvex. If T is not closed, then X is non
polar for the Sobolev space W 1,2. In particular X is locally non pluripolar and X
is not of finite Λ2k−2 Hausdorff measure.
Proof. If T is closed, then X is empty and Pk is pseudoconvex.Hence we can assume
that T is not closed. From Theorem 24, −∂T = ∂(∂S), and ∂S is a (2, 0) form
in L2. Since dT is supported on X , ∂T is also supported on X , and hence ∂(∂S)
as well. It follows that ∂S is holomorphic in the complement of X and does not
extend holomorphically across any point in the boundary of X. Hence, P2 \ X is
pseudoconvex.
If X is polar in W 1,2, in particular if it is pluripolar, there is a sequence (χn) of
smooth functions 0 ≤ χn ≤ 1 vanishing near X , χn → 1Pk\X pointwise and such
that
∫
∂χn ∧ ∂χn ∧ ωk−1 ≤ C < ∞. We want to show that f = ∂˜S, the extension
of ∂S by zero through X is holomorphic, hence T is closed. We have χn∂S → f in
L2 and ∂(χn∂S) = ∂χn ∧ ∂S.
Fix ǫ > 0, choose Uǫ a neighborhood of X such that
∫
Uǫ
∂S ∧∂S ∧ωk−2 ≤ ǫ, this
is possible since X is of measure zero. Clearly ∂χn ∧ ∂S → 0 on compact subsets
of Pk \X. Let ψ be a smooth (1, 0) form. We have by Schwarz’s inequality
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∣∣∣∣
∫
Uǫ
∂χn ∧ ∂S ∧ ψ ∧ ωk−2
∣∣∣∣ ≤
∣∣∣∣
∫
Uǫ
∂χn ∧ ∂χn ∧ ψ ∧ ψ ∧ ωk−2
∣∣∣∣1/2
·
∣∣∣∣
∫
Uǫ
∂S ∧ ∂S ∧ ωk−2
∣∣∣∣1/2
≤ C(ψ)ǫ1/2.
Since ψ and ǫ are arbitrary, f is ∂ closed. Hence f = 0 and T is closed. When
X has finite Λ2k−2 Hausdorff measure, we can cover X by cubes and use standard
bump functions to show that
∫
i∂χn ∧ ∂χn ∧ ωk−1 ≤ C <∞.

Remark 8. i) If Y is an invariant set (possibly with singularities) in P2 not sup-
porting a positive closed directed current then Λ2(Y ) = ∞ and Y is not polar. It
is observed in [9] that Thm.24 implies that a minimal exceptional se in P2 is not
pluripolar.
5.3. Harmonic Currents of finite energy. We are going to introduce a real
Hilbert space,of infinite dimension, of classes of harmonic currents,the elements will
be a space of ∂∂ cohomology classes. It is the analogue of the Hodge cohomology
space for closed currents, a finite dimensional space. Let T be a real current of
order 0 and bidegree (1, 1) in Pk. If T is ∂∂ closed it can be decomposed as in the
previous paragraph as
T = cω + ∂S0 + ∂S0,
where c ∈ R and S0 is a (0, 1) current. The current ∂S0 is also uniquely determined
by T. But a priori ∂S0 is not necessarily in L
2. We say that T is of finite energy
E(T ) if and only if
E(T ) :=< ∂S0 ∧ ∂S0 ∧ ωk−2 ><∞.
We define the Hilbert space He of classes of real currents T as the space of classes
[T ] of bidegree (1, 1) of order 0 with the norm
‖T ‖2e := | < T, ωk−1 > |2 + E(T ) (3).
Observe that if ‖T ‖e = 0 then c = 0 and ∂S0 = 0, hence ∂T = −∂∂S0 = 0 therefore
T is closed and orthogonal to ω, so T = i∂∂u for some u in L1. The converse is
clear: If T = i∂∂u then ‖T ‖e = 0. So [T1] = [T2] if and only if T1−T2 = i∂∂u. This
is why we say that He is a space of classes of currents. It is easy to show that He
is a Hilbert space. The important property is that it is possible to define on He an
intersection form.
If T1, T2 are ∂∂ closed and smooth we can define the quadratic form
Q(T1, T2) =
∫
T1 ∧ T2 ∧ ωk−2.
Using the decomposition for Tj,
Tj = cjω + ∂Sj + ∂Sj + i∂∂uj
we obtain by integration by parts that
Q(T1, T2) =
∫
T1 ∧ ωk−1
∫
T2 ∧ ωk−1 − 2Re
∫
∂S1 ∧ ∂S2 ∧ ωk−2. (1)
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The above expression makes sense for T ∈ He and hence defines a quadratic
form Q(T1, T2) =
∫
T1 ∧ T2 ∧ ωk−2 on He, which is continuous for the He topology.
Indeed
|Q(T1, T2)| ≤ C‖T1‖e‖T ′2‖e.
The form Q(T, T ) is also clearly upper semi continuous for the weak topology of
He.
Proposition 5. If a sequence (Tn) of positive ∂∂ closed currents converge to T,
then [Tn] converge to [T ] weakly in He. Hence T → Q(T, T ) is u.s.c. for the weak
topology of currents.
Proof. Consider the decomposition of Tn = cnω + ∂Sn + ∂Sn + i∂∂un. Since (Tn)
converge weakly to T, we can assume that all the cn = 1 and we have
2
∫
∂Sn ∧ ∂Sn ∧ ωk−2 ≤ 1.
The (Sn) are constructed using canonical solutions of the equation ∂Tn = ∂∂Sn.
So the weak limits of ∂Sn coincides with ∂S. Hence [Tn]→ [T ] weakly in He. Since
T → Q(T, T ) is u.s.c. with respect to the weak topology in He it is also u.s.c. with
respect to the weak topology on positive ∂∂ closed currents.

The intersection form Q is useful because of the following Hodge-Riemann prop-
erty.
Theorem 25. The quadratic form Q is negative definite on the hyperplane defined
by
H = {T ; [T ] ∈ He,
∫
T ∧ ωk−1 = 0}.
In particular if [T ], [T ′] are two non proportional classes of positive ∂∂ closed cur-
rents, then Q(T, T ′) > 0. The function Q is strictly concave on the cone of classes
of positive ∂∂ closed currents.
Proof. We prove the first two claims. Since
Q(T, T ) =
∣∣∣∣
∫
T ∧ ωk−1
∣∣∣∣2 − 2
∫
∂S ∧ ∂S ∧ ωk−2,
it is clear that for T ∈ H, Q(T, T ) ≤ 0. If Q(T, T ) = 0 then ∂S = 0 hence T is
closed. Since < T, ωk−1 >= 0 then T = i∂∂u so [T ] = 0.
Suppose that the space generated by [T ], [T ′] is of dimension 2. Then there is an
a > 0 such that T − aT ′ ∈ H. Hence Q(T ′ − aT, T ′ − aT ) < 0. Expanding we get
a2Q(T, T )− 2aQ(T, T ′) +Q(T ′, T ′) < 0.
Since Q(T, T ) ≥ 0 and Q(T ′, T ′) ≥ 0 and a > 0, we get that Q(T ′, T ) > 0.

We consider the following problem. Assume (X,L, E) is a lamination with singu-
larities in P2, without positive closed directed currents. We want to find conditions
on the singularity set which imply that there is a unique positive current of mass
one, harmonic and directed by L. A strategy is to show that if T1, T2 are two such
currents then Q(T1, T2) = 0. However, this implies only that the classes [T1], [T2] of
the currents in He are equal. We then need the following result.
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Proposition 6. Let T1, T2 be positive harmonic currents directed by (X,L, E) on
a lamination in P2 without positive directed closed currents. Assume E is complete
pluripolar and that [T1] = [T2]. Then T1 = T2.
Proof. Let B be a flow box away from E. Then
Tj =
∫
hαj [Vα]dµj(α), j = 1, 2.
Let ν(α) = µ1(α) + µ2(α), so µj = rj(α)ν. Then
T1 − T2 =
∫
(hα1 r1(α)− hα2 r2(α))[Vα]dν(α).
Since [T1] = [T2], then T1 − T2 is closed and hence hα1 r1(α) − hα2 r2(α) = c(α) is
constant. We decompose c(α)ν(α) on the space of plaques, c(α)ν(α) = λ1 − λ2 for
positive mutually singular positive measures. Then
T1 − T2 =
∫
[Vα]λ1(α)−
∫
[Vα]λ2(α) = T
+ − T−
for positive closed currents T±. These currents fit together to global positive closed
currents on X \ E. The mass of T± is bounded near E. So since E is complete
pluripolar (or if Λ1(E) = 0) the currents T± extend as closed currents through E,
see for example [24] . Consequently since (X,L) does not admit directed closed
currents, then T± = 0 and T1 = T2. Indeed both currents have no mass on E,
which satisfies Λ2(E) = 0.

Once uniqueness is proved we get the following result, which can be considered
as an ergodic theorem for appropriate averages on leaves.
Proposition 7. Assume that there is only one positive (X,L, E) directed harmonic
current T of mass 1 on X ⊂ P2. Then for every leaf L for which a covering map
φ : ∆→ L satisfies the estimate ∫ |φ′(ζ)|2(1− |ζ|) =∞,
τr =
φ∗(Gr [∆r])
‖φ∗(Gr [∆r])‖ → T
when r → 1 where Gr = log+ r|ζ| .
Proof. We have seen in Theorem 22 that cluster points for τr are harmonic and
directed by L, hence they coincide with T. 
We will next show uniqueness results for harmonic currents. With these results,
discussed below we obtain the following corollary, [32], [33].
Corollary 6. If X is laminated without singularities and transversally Lipschitz or
if (P2,L, E) is a holomorphic foliation of P2 with only hyperbolic singularities, then
τr converges to T.
Observe that in the cases described in the corollary, the currents
τr =
φ∗(Gr[∆r])
‖φ∗(Gr[∆r])‖
have directed limits. Indeed the parametrized leaves are locally contained in leaves.
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5.4. Uniqueness of harmonic currents T for P2.
Theorem 26. Let F be a holomorphic foliation in P2. Assume that all singular
points are hyperbolic and there are no algebraic leaves. Then there is a unique
positive harmonic (1, 1) current T of mass one directed by F .
According to Jouanolou’s theorem (Theorem 7 in P2), for every d ≥ 2, the
hypothesis is satisfied in an open real Zariski dense set in Fd.
Theorem 27. Let (X,L) be a laminated set in P2, transversally Lipschitz without
singularities. Then X admits a unique positive (1, 1) harmonic current of mass one,
directed by L.
Remark 9. Recently Deroin-Klepsyn [25] have obtained a different proof of this
result, assuming that X is minimal for a transversally conformal foliation. Their
approach uses diffusion for the heat equation on leaves as developed by Garnett
[35] and Candel [16]. Deroin-Klepsyn obtain also results on uniqueness of harmonic
measure on minimal sets for general transversally conformal foliations, without
singularities.
To get uniqueness of directed harmonic currents we have to prove that for any
laminated positive harmonic (1, 1) current T,Q(T, T ) = 0. For that purpose we
introduce the notion of geometric intersection and we compare it with the cohomo-
logical intersection given by the form Q.
5.5. Geometric intersection of directed harmonic currents. We will denote
by Φǫ an automorphism of P2 close to the identity and set Tǫ := Φ
ǫ
∗(T ),Fǫ = Φǫ∗F .
The geometric intersection of T∧gTǫ is a measure which has the following expression
in a flow box B. Suppose T =
∫
hα[∆α]dµ(α) and Tǫ =
∫
hǫβ[∆
ǫ
β ]dµ(β). For a
continuous compactly supported function φ in B we define
< T ∧g Tǫ, φ >=
∫  ∑
p∈Jǫ
α,β
hα(p)h
ǫ
β(p)φ(p)

 dµ(α)dµ(β),
where Jǫα,β consists of the intersection points of ∆α and ∆
ǫ
β .
The automorphism is generic in order that the foliation F and Fǫ have no com-
mon leaf. It also satisfies other generic conditions like moving all singular points
away from the separatrices.
The delicate point is to show that T ∧g Tǫ converges to zero and hence the limit
has total mass zero. It is also necessary to show that the total mass is
∫
T ∧ T
which implies the uniqueness of T . We give a few details.
Define Sδ =
∫
Φ∗(S)dρδ(Φ) where ρδ is a smooth approximation to the identity in
U(3). The important point is that the estimate of the mass of T∧gTǫ are independent
of small perturbations of Φǫ.
Proposition 8. With the above notations there are δ, δ′ small enough with respect
to ǫ so that ∫
T δ ∧g T δ′ǫ →
∫
T ∧ T..
So the main problem is to estimate T ∧g Tǫ.
We first explain the idea in the nonsingular case. In that case it can be shown
that the number of points of the intersection of the plaques ∆α and ∆
ǫ
β is bounded
above independently of ǫ. The measure µ has no Dirac mass (otherwise there would
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be a closed current). Hence in any flow box the mass of T δ ∧g T δ′ǫ converges to
zero. To prove the boundedness of the number of intersections one has to control
the intersections in far away flow boxes. The idea is that if this number is too large
then using that the lamination is Lipschitz and following the flow boxes, the leaves
in a fixed flow box would be closer than permitted from the explicit form of the
automorphisms.
In the presence of singularities the above analysis holds away from the singular-
ities. Using the Poincare´ linearization theorem it is then enough to understand the
repartition of mass of a harmonic current near a singular point, say (0, 0).
Suppose F is given by zdw − λwdz = 0, λ = a+ ib, b > 0. The leaves Lα in the
unit polydisc are parametrized by (z, w) = ψα(ζ) with
z = ei(ζ+(log |α|)/b), ζ = u+ iv
w = αeiλ(ζ+(log |α|)/b)
|z| = e−v
|w| = e−bu−av
The parametrization is chosen so that the plaques in the unit polydisc are
parametrized by a fixed sector Sλ defined by v > 0, u >
−av
b .
Let hα denote the harmonic function associated to the current T on the leaf
Lα. The local leaf clusters on both separatrices. To investigate the clustering in
the z− axis, we use a transversal Dz0 := {(z0, w); |w| < 1 for some |z0| = 1. We
can normalize so that hα(z0, w) = 1 where (z0, w) is the point on the local leaf
with e−2πb ≤ |w| < 1. So (z0, w) = ψα(ζ0) = ψα(u0 + iv0) with v0 = 0 and
0 < u0 ≤ 2π determined by the equations |z0| = ev0 = 1 and e−2πb ≤ |w| =
e−bu0−av0 < 1. Let h˜α denote the harmonic continuation along Lα. Define Hα(ζ) :=
h˜α(e
i(ζ+(log |α|)/b, αeiλ(ζ+(log |α|)/b)) on Sλ.
The nature of the holonomy map associated to the singularity permits to show
that Hα is given by a Poisson integral with precise estimates on the behaviour at
infinity, i.e. when the leaves get close to the separatrices. The main ingredient is
the finiteness of the total mass of the harmonic currents on the disjoint flow boxes
crossed when we follow a path around a hyperbolic singularity.We need also precise
estimates on the location of the intersection points of the plaques in ∆2. This gives
that
∫ ∑
p∈Jǫ
α,β
Hα(p)H
ǫ
β(p)dµ(α)dµ(β) → 0.
This shows that
∫
T∧T = 0 for every T , positive harmonic, directed by F . Hence
using Theorem 25 and Proposition 6,T is unique.The estimates are very technical.
Corollary 7. Let (X,L, E) be a laminated set, with a unique directed harmonic
current of mass one.Then any Borel set of leaves of T of positive mass is of full T -
measure.
Proof. This follows from the uniqueness of T. If A is a Borel invariant set then the
current 1AT is positive harmonic. If it is not zero, then it should be proportional
to T.. 
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5.6. Minimal exceptional sets. Let F ∈ Fd(Pk). Recall that a closed minimal
invariant set M is a minimal exceptional set if M∩Sing(F) = ∅. Whether such sets
exist is a central open question for holomorphic foliations in P2.
Proposition 9. Let F be a holomorphic foliation in P2. The following are equiva-
lent:
1) F admits no minimal exceptional set.
2) The support of every positive harmonic or closed current directed by F intersects
Sing(F).
3) There exists a positive harmonic or closed current directed by F , whose support
intersects Sing(F).
Proof. 1)⇒ 2) : Indeed the support of any directed current (closed or harmonic) is
invariant under F , so it has to intersect Sing(F).
2) ⇒ 3) is clear. We show that 3) ⇒ 1). Suppose that L∩Sing(F) = ∅. Let
T be a harmonic current directed by F , with Supp(T )∩Sing(F) 6= ∅. Let S be a
harmonic current directed by F , supported by L. Then S 6= T. On the other hand
the geometric intersection T ∧g S = 0. So
∫
T ∧ S = 0 and hence T is proportional
to S, a contradiction. If T or S or both are closed the argument is similar. 
Corollary 8. If F admits a positive closed directed current, then there is no min-
imal exceptional set for F .
Proof. We have seen in Theorem 17, that if T is closed directed by F , then
Supp(T )∩Sing(F) 6= ∅. So we can apply the previous proposition. 
Let Pd denote the space of foliations in Fd(P2) with all singularities in the
Poincare´ domain. We denote by P0d the subset of Pd such that F ∈ P0d if and
only if F does not admit a minimal exceptional set, i.e. every leaf L for F clusters
at a singular point.
Proposition 10. The set P0d is open in Pd. Moreover P0d contains the foliations
in Pd admitting a positive closed directed current.
Proof. The second assertion is a consequence of Proposition 9. Observe that it is
easy to construct such foliations for some degrees: Take a linear foliation L with
all singularities in the Poincare´ domain and consider f∗(L) with f a generic holo-
morphic endomorphism such that the singularities are still in the Poincare´ domain.
The foliation f∗(L) is defined by the pull-back of the forms defining L.
Fix F0 ∈ P0d with singular points (pi)i≤N . There is a neighborhood U(F0) of F0
in Fd(P2) and a δ > 0 such that for every F ∈ U(F0) the domain of linearization of
F at pi(F) contains B(pi, δ). This is clear since linearization depends continuously
on parameters in the Poincare´ domain, as it is obtained using a fixed point Theorem.
We show that for F ∈ U(F0) there is a harmonic current TF , directed by F ,
with mass on ∪Ni=1B(pi, δ) and hence containing in its support singular points of
F . If not, let Fn → F0 and TFn with no mass on ∪Ni=1B(pi, δ). Let T0 be a cluster
point. Then T0 has no mass on ∪Ni=1B(pi, δ), contradicting that F0 ∈ P0, we use
Proposition 9.

Problem. Show P0d is closed in Pd.
Proposition 11. Let F be a holomorphic foliation in P2. Assume that all singular
points are hyperbolic and there are no algebraic leaves. Every leave is dense in P2
iff the support of the harmonic current directed by F is equal to P2
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Proof. Indeed the closure of any leaf contains the support of a directed harmonic
current, since the harmonic current is unique it should contain P2 .The converse is
clear.

5.7. Limit set. Let L be a leaf in a lamination with singularity (X,L, E). We
define the limit set of L as
L∞ = ∩n≥1L \Kn
where (Kn) is an increasing sequence of compact sets in L with Kn ⊂ K0n+1 and
∪Kn = L. Clearly L∞ is independent of (Kn). The set L∞ \ E is invariant under
L. We introduce also the set
L∞ = ∪L∈LL∞.
So L∞ is closed and invariant under L. It is of interest to describe L∞ the limit set
for Fd(P2). When L∞ is small, then the situation is easily described.
Theorem 28. Let (X,L, E) be a lamination with singularities in P2. Assume L∞
has vanishing one dimensional Hausdorff measure. Then all leaves are closed. If
L ∈ Fd(P2) then L admits a meromorphic first integral.
Proof. Indeed by Harvey’s Theorem [40] the closure of each leaf is analytic, so the
leaves are closed. When L ∈ Fd(P2) one can apply Theorem 6. 
The case where L∞ is of dimension one has been desribed by Camacho-Lins-
Neto-Sad, [12].
Theorem 29. (Camacho-Lins-Neto-Sad) Let L ∈ Fd(P2). Assume L∞ is analytic
of dimension 1, satisfying the following assumptions.
(i) The holonomy of each irreducible component of L∞ is hyperbolic.
(ii) The number of separatrices at each singularity is finite.
Then there is a rational map F of P2 and a linear flow L0 such that L = F ∗L0.
A consequence of the uniqueness of harmonic currents is the following.
Theorem 30. Let L ∈ H(d), i.e. all singular points are hyperbolic and there is no
algebraic leaf. Then for every leaf L,
Supp(T ) ⊂ L∞,
where T is the unique positive harmonic current of mass 1 directed by L.
Indeed L∞ is invariant, not finite, hence it supports a positive harmonic non
closed current which is necessarily equal to T.
5.8. Harmonic Flow. Let (X,L, E) be a lamination with singularities in a com-
pact Hermitian manifold M. We consider CL, the convex set of positive harmonic
currents of mass 1, directed by L. We show that CL is compact. Let Tn ∈ CL. Sup-
pose Tn → T. We have to show that T is directed. In a flow box B we have (Tn)|B
are in the closed convex hull of the directed harmonic currents hα[Vα]δα, hα(0) = 1,
δα the Dirac mass at α. So T is directed in B. and CL is compact. Each T ∈ CL is
expressed in a flow box B as
T =
∫
hα[Vα]dµ(α).
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We also have ∂T = τ ∧T, with τ = ∂hαhα , here ∂ is the ∂− operator along leaves. Ob-
serve that if we replace hα by cαhα and accordingly µ by
µ(α)
cα
, then τ is unchanged.
By Harnack, τ is bounded in every flow box.
To simplify our description we assume that T is extremal in CL.
We define a metric gT along leaves: gT =
i
2τ ⊗ τ . If we choose coordinates (z, α)
in a flow box then
gT =
i
2
∣∣∣∣∂hα∂zα
∣∣∣∣2 1h2α dzα ⊗ dzα.
Observe that the metric is defined T a.e. and that it’s a metric only out of the set
CT = {(z, α); ∂hα(z)∂zα = 0}.
We can also introduce the positive measure
µT := iτ ∧ τ ∧ T.
The measure is locally finite out of E. See Frankel [34] for the non singular case.
Proposition 12. Let T be a non closed extremal current in CL. The metric has
constant negative curvature out of CT , which is of T measure zero.
Proof. Consider Ng := {leaves on which gT vanishes identically}.The set Ng is
measurable and if it is of T positive measure, the extremality of T, would imply that
it is of full measure in which case T is closed, a contradiction. So we can assume
that the metric gT is non zero on a set of full T measure. Since hα is harmonic
along leaves, ∂∂(log hα) = −∂hαhα ∧ ∂hαhα = −τ ∧ τ.
The expression of the curvature of a conformal metric g is :
κ(g) = −1
4
∆ log g
g
=
1
2
∆ log hα∣∣∣∂hα∂zα
∣∣∣2 1h2α
.
So
κ(gT ) =
h2α
|hα,z|2
(
∂
∂z
(
hα,z
hα
))
.
Since hα is harmonic we get κ(gT ) = −2.

We define the harmonic flow associated to T. Consider χα, the gradient vector
field associated to the ”function” hα. We compute the gradient with respect to the
metric gT . So in a flow box with local coordinates zα = xα + iyα we have χα =
c(hxα , hyα) with c chosen so that gT (χα, χα) = 1. The vector field is independent
of the choice of hα so it is well defined T a.e. The points in CT are singular for the
gradient of hα. With the above normalization the parametrized integral curves for
χα approach these points at infinite speed.
The volume µT is finite when E = ∅ in any dimension and also in the following
case.
Theorem 31. [33] Let F ∈ H(d), with T the unique harmonic current associated
to F . Then the measure µT is finite
There is indeed a more precise result. If (Fλ) is a holomorphic family inH(d), λ ∈
∆(0, r), then the mass of µTλ is, locally in λ, uniformly small in a neighborhood of
the singularities. The proof uses heavily the contraction of holonomy and estimates
of Poisson integrals.
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